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Abstract. Autonomous mobile robots are widely used in industry, ports, and agriculture because they have the necessary loading capability. So far, the path-tracking accuracy
of these robots is low due to nonlinear friction in the wheels, center-of-gravity (COG)
shifts and load changes caused by users. To address these issues, a dynamics model is
derived that considers nonlinear friction, COG shifts, and load changes. Furthermore,
a digital acceleration control algorithm is proposed to compensate for nonlinear friction.
Finally, simulations are executed using the proposed method. The results demonstrate
the feasibility and effectiveness of the proposed digital acceleration control method.
Keywords: Autonomous mobile robot, Nonlinear friction, Digital acceleration control,
Path-tracking

1. Introduction. Autonomous mobile robots which are widely used in industry, ports
and agriculture have been the focus of much interest. Many applications require autonomous robots having good path-tracking performance.
When autonomous mobile robots are used in factory automation and outdoor environments to improve the efficiency of cargo transport, it is essential for them to transport
the cargo at a high speed and to carry as much cargo as possible. However, because
of the nonlinear friction at high speed and the center-of-gravity (COG) shifts and load
changes caused by large loads, the accuracy of the path-tracking decreases and the autonomous mobile robot sometimes strays from the predefined path, which clearly increases
the danger of hitting obstacles. Therefore, the path-tracking control problem is the most
basic research topic for autonomous mobile robots. If the problem of nonlinear friction,
COG shifts and load changes could be solved, the motion performance of the autonomous
mobile robot would be further improved.
One of the authors participated in the research of motion control for mobile robots
and proposed a digital motion control method for these robots [1]. This control method
was based on two idealized conditions: the COG is the same as the geometric center and
the friction is assumed to be linear. Researchers in [2] focused on the motion process of
mechanical systems and proposed a motion control method to deal with the nonlinear
friction of a robot manipulator with many degrees of freedom. The effectiveness of this
method was demonstrated by experiment [3]. This method is now widely known as
the digital acceleration control method [4]. Based on these previous studies, this paper
derived a model for the autonomous mobile robot by considering the nonlinear friction,
COG shifts and load changes. A digital acceleration controller was proposed to deal with
the problem of nonlinear friction, COG shifts and load changes. Finally, the proposed
digital acceleration control method is verified feasible and effective by simulations.
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2. Structure and Modeling of the Autonomous Mobile Robot. The autonomous
mobile robot used in this paper has two driving wheels and two free casters as shown in
Figure 1(a). To develop the control law for the autonomous mobile robot, the kinematic
and dynamic equations are derived based on the coordinate settings and structural model
shown in Figure 1(b).

(a) Autonomous mobile robot

(b) Structural model

Figure 1. Autonomous mobile robot and its structural model
The parameters and coordinate system are as follows:
Σ(x, y, O): absolute coordinate system; Σ(x′ , y ′ , C): translation coordinate system determined by the movement direction of the autonomous mobile robot; G(xg , yg ): position
of the COG; C(xc , yc ): position of the geometric center; vg velocity at point G; ϕ: angle
between the direction of vg and the x-axis; v1 , v2 : velocities of the two driving wheels; α:
angle between Cx′ and CG; γ: angle between CG and the Cy ′ ; 2b: distance between the
two driving wheels; 2a: length of the autonomous mobile robot; d: distance between the
COG and the geometrical center.
Using the coordinate system shown in Figure 1(b), by considering COG shifts, the
kinematic equations are given as follows:
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where r is the radius of driving wheels, ϕ̇ is the turning speed of the robot, and θ̇1 and θ̇2
are the speeds of two driving wheels.
According to the Lagrange formulation, the dynamic equations considering the COG
shift and nonlinear friction are given as follows:
{
τ1 = m11 θ̈1 + m12 θ̈2 + T1 (θ1 , θ̇1 )
(2)
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where M is the mass of the autonomous mobile robot; m is the equivalent mass that
loads imposes on the robot; I is the moment of inertia of the autonomous mobile robot;
m11 =
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Jω is the moment of inertia of the driving wheels, J0 is the moment of inertia of the DC
motors, and k is the gear ratio.
τ1 and τ2 denote the driving torque acting upon the two driving wheels, θ̈1 and θ̈2 denote
the acceleration of the two wheels, and T1 and T2 denote the nonlinear friction torque
given as follows:


τi
θ̇i = 0 and τi < Tmax i


 T
θ̇i = 0 and τi ≥ Tmax i
max i
, (i = 1, 2) (3)
Ti = ci θ̇i +
−ai θ̇i

Tmin i + (Tmax i − Tmin i )e
θ̇i > 0


 −T
ai θ̇i
θ̇i < 0
min i + (Tmin i − Tmax i )e
The nonlinear friction contains the viscous friction which mainly results from the contact between the wheels and the axle, and the coulomb friction which mainly results from
the contact between ground and the wheels. ci is the viscous friction coefficient; Tmaxi is
the maximum static friction torque, and Tmini is the minimum sliding friction torque.

3. Controller Design. In this section, we develop an acceleration control method for
the autonomous mobile robot [4]. Firstly, the control torque is kept constant between
every time period of length T , let kT + is the instant after the change of the control
torque at time kT . For a constant sampling period T , at times t = kT + and t = kT , we
can obtain (4) as
τ [kT ] = M θ̈(kT ) + T [θ(kT ), θ̇(kT )]
(4)
τ [kT + ] = M θ̈(kT + ) + T [θ(kT + ), θ̇(kT + )]
where τ [(k − 1)T + ] = τ [kT ] is the control torque during [(k − 1)T + , kT ], and τ [kT + ] =
τ [(k + 1)T ] is the control torque during [kT + , (k + 1)T ]. At times t = kT + and t = kT
the velocity, position and nonlinear friction are constant, but the acceleration is changed.
Considering the nonlinear system (2) with control (5).
]
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where KD = diag(kd1 , kd2 ) and KP = diag(kp1 , kp2 ) are the speed deviation coefficient and
position deviation coefficient, respectively. Here, KD and KP are always 2 × 2 diagonal
positive-definite matrices.
Let e(kT + ) = θ ∗ (kT + ) − θ(kT + ) be the tracking error of the target trajectory, substituting into (5) using (4) yields
ë(kT + ) + KD ė(kT + ) + KP e(kT + ) = 0

(6)

In the short time interval of [kT + , (k + 1)T ], Equation (7) holds.
ė[(k + 1)T + ] = ė(kT + ) + ë(kT + )T
e[(k + 1)T + ] = e(kT + ) + ė(kT + )T + ë(kT + )T 2 /2

(7)

Using (6) and (7) we can obtain
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ė[kT + ]
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Here, KD , KP are designed to ensure that all eigenvalues of A are within the unit circle.
Then, lim e(kT ) = lim [θ ∗ (kT )−θ(kT )] = 0 is obtained. Therefore, the system is stable.
k→∞

k→∞

Furthermore, lim xc = x∗c , lim yc = yc∗ , lim ϕ = ϕ∗ , the path-tracking is accomplished.
k→∞

k→∞

k→∞

Figure 2 shows the block diagram of the control system presented in (5).
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Figure 2. Block diagram of the digital acceleration control system
4. Simulation. In this section, the effectiveness of digital acceleration controller to deal
with nonlinear friction is verified by circular path tracking simulations. The physical
parameters of the autonomous mobile robot used in the simulations are given below.
M = 46.5 kg, m = 60 kg, b = 0.27 m, d = 0.2 m, r = 0.122 m, I = 1.3133 kg·m2 ,
γ = π/6 rad, α = 2π/3 rad, c1 = c2 = 02 kg·m/s, a1 = a2 = 500 m2 /s, Tmax1,2 = 60 N·m,
Tmin1,2 = 6 N·m, J0 = 0.0125 kg·m2 , Jω = 0.0144 kg·m2 and k = 3.
The trajectory is described by

x∗c (t) = x0 + r cos σ(t)
4π 2
t0

t
0
≤
t
≤

2
t0
2
yc∗ (t) = y0 + r sin σ(t), σ(t) =
(9)
4π
t
0

π
 2π − 2 (t − t0 )2
<
t
≤
t
∗
0
ϕ (t) = + σ(t)
t0
2
2
(x0 , y0 ) = (5 m, 5 m) specifies the center of the circle, r = 4 m is the radius, and t0 = 150
s. The initial position xc (0) = 8 m, yc (0) = 4 m and the initial angle ϕ(0) = 0 rad. The
parameters of the digital acceleration controller are adjusted in the simulation for the
condition of no nonlinear friction (T1 = T2 = 0).

(a) x position

(b) y position

(c) Orientation angle

Figure 3. Simulation results of digital acceleration controller without nonlinear friction
Figure 3 and Figure 5(a) show the tracking performance of the autonomous mobile
robot using the proposed digital acceleration algorithm when nonlinear friction is not
considered,. Compared with Figure 3 and Figure 5(a), Figure 4 and Figure 5(b) show the
tracking performance of the autonomous mobile robot when nonlinear friction is considered, with no changes to the other parameters. In Figures 3(a)-3(c) and Figures 4(a)-4(c),
the horizontal axes is the simulation time (the maximum is 150 s), and the vertical axes
are x position, y position, and time-variant orientation angle, respectively. Figure 5(a)
and Figure 5(b) show the tracking and gradient of the autonomous mobile robot. In Figure 4 and Figure 5(b), the response curve is similar to that in Figure 3 and Figure 5(a),
which indicates that the proposed digital acceleration algorithm can successfully track the
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(a) x position

(b) y position
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(c) Orientation angle

Figure 4. Simulation results of digital acceleration controller with nonlinear friction

(a) Without nonlinear friction

(b) With nonlinear friction

Figure 5. Tracking and gradient results with proposed control method
circular path rapidly and accurately even if nonlinear friction exists in the system. Thus,
the digital acceleration controller effectively deals with the effect of nonlinear friction in
the system.
Although only a circular path is considered in the simulation, the performance with
respect to x position, y position, and orientation angle was all tested. The simulation
results show that the proposed digital acceleration control method is feasible and effective
to deal with the nonlinear friction. Because the control torque of the previous sampling
period includes the effect of nonlinear friction, the current control torque could compensate
for nonlinear friction based on the nonlinear friction of the previous sampling period.
Therefore, the proposed digital acceleration controller can allow the controlled system to
compensate for a greater level of nonlinear friction, which was verified by the simulations.
5. Conclusions. In this paper, to improve the path-tracking performance of an autonomous mobile robot, nonlinear friction existing in wheels, COG shifts and load changes
are considered. A digital acceleration control algorithm is proposed for motion control
of the mobile robot. The simulation results suggest that the proposed control method is
feasible and effective. Therefore, the proposed control method is applicable for reducing
path-tracking errors, showing its advantages in use.
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Furthermore, not only the control method but also the trajectory planning method will
be developed to improve the path tracking performance.
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