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Abstract 

 

Thin film or particle layer is formed after evaporation or drying of droplets 

with solid particles or solute on substrates, which is frequently observed in 

nature and in industrial processes. The difference in the shape of thin film or 

particle layer is affected by the evaporation behavior such as contact line 

motion, internal fluid flows and thin film formation after drying a sessile droplet 

on substrates. The objective of this study is to investigate the contact line 

motion, internal fluid flows and solid particles transport during drying a sessile 

droplet on homogeneous or patterned substrates by using numerical simulation 

based a two-phase lattice Boltzmann model. 

In this study, a mathematical model is developed which is composed of a 

two-phase lattice Boltzmann method incorporating with an evaporating model, a 

wetting model and a solid particles transport model. The present evaporation 

model and wetting model are tested by comparing with theoretical or 

experiment results. The results of the evaporation model agree well with a 

theoretical law of the square of the droplet radius with time. The wetting model 

can give the correct contact angle of droplet on substrates at steady states. In 

addition, the solid particle transport model is proposed, based on a Newton 

equation of each solid particle motion during droplet evaporation on substrates. 

In two-phase lattice Boltzmann simulation, spurious velocities appeared in 



 

 

the interface region between liquid and vapor phase. Therefore, the effect of 

computational parameters on the reduction of spurious velocities is investigated. 

The dimensionless surface tension can significantly reduce the spurious 

velocities with preserving the real properties of surface tension by adjusting 

scale parameters. The spurious velocities slightly decrease as the density ratio of 

the liquid and vapor phase decreases. In addition, the effect of the order 

parameter on the spurious velocities and the time steps needed to reach steady 

state are examined.  

Evaporation behavior of a droplet on a homogenous substrate is 

numerically investigated. The calculation results of droplet evaporation on 

hydrophilic substrates shows the transition from pinning to de-pinning of the 

contact line motion, while those on the hydrophobic substrate shows only 

de-pinning of the contact line throughout the evaporation. In addition, internal 

fluid flows towards the contact line of the droplet in the pinning stage of the 

evaporation are discussed.  

The contact line motion of an evaporating droplet on a patterned substrate 

with line-shaped hydrophilic region is numerically investigated. The effects of 

the width of hydrophilic region and the evaporation rate on the contact line 

motion are discussed. The calculated result shows the transition of the contact 

line motion from de-pinning to pinning when the contact line reaches to the 

edge of the hydrophilic region of patterned substrates. In addition, the 

difference in the pinning time and the evaporation termination time is obtained 



 

 

for variation of hydrophilic region on patterned substrates. 

Finally, solid particles transport and deposit after droplet evaporation on 

homogenous substrate are numerically investigated. In present simulation, the 

solid particles toward to downward and centre of the evaporating droplet on 

hydrophilic substrate. And the shape of solid particles deposit shows thick in the 

center and thin in edge of the deposit. 

 

Key words: Lattice Boltzmann Model, Evaporation Model, Wetting 

Model, Solid Particles Transport Model, Contact Line Motion, Internal Fluid 

Flows, Solid Particles Deposit. 
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Chapter 1  Introduction 

1.1 Background 

Inkjet printing technology can produce monodisperse microdroplets of a few microns to 

millimeter in diameter and deposit on specific regions of substrates. This technology has been 

developed and implemented in droplet-on-demand devices based on piezoelectric or thermal 

ink-jet technology. Fig. 1-1 shows a piezoelectrically driven droplet-on demand device. Two 

designs producing the fluid ejection and retraction pressure pulse by piezoelectric are the 

most common printing applications. A tubular design is easier to fabricate by hand, however, 

it is inferior to a flat plate design in the ability to be used as elements in miniaturized packed 

arrays. 

 

Fig. 1-1 Piezoelectically driven droplet-on-demand microdroplet ejectors [1]. 

 

Recently, inkjet printing has become an attractive technology in the application to 

manufacturing and engineering such as the electrical, optical, and biotechnology industries 

[2-4]. In these industrial processes, thin films or particle layers are formed by evaporation and 

drying of droplets with solid constituents or solutes. The shape of the thin films or particle 
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layers is affected by fluid properties of droplets or wettability of substrates. For example, 

dot-like deposit is formed on hydrophobic substrates due to the de-pinning of the contact line 

of the droplets throughout the evaporation process. In contrast, ring-like deposit is formed on 

hydrophilic substrates due to the pinning of the contact line. When the contact line is pinned 

during evaporation process, internal fluid flows inside the droplet will occur to supply the 

mass loss around the contact line caused by evaporation, and then the solute or particles are 

transported toward the contact line, leading to the ring-like deposit [5]. The difference in the 

deposit shape is mainly caused by the internal fluid flows of evaporating droplet. Therefore, it 

is of great practical interest to investigate the evaporation behavior as well as internal fluid 

flows and thin film formation after drying of a sessile droplet on substrates. In addition, thin 

film formation will be applied to the production of organic thin film transistors by the deposit 

of inkjet droplets on patterned substrates with different wettability, forming thin film of 

line-shape or dot-shape patterns on hydrophilic region of the substrates [6-8]. However, 

contact line motion and internal fluid flows during the evaporation of a droplet affects greatly 

on solute deposit or the shape of the thin film, which have not been understood clearly. 

The objective of this study is to investigate the contact line motion, internal fluid flows 

and thin film formation after drying a sessile droplet on homogeneous or patterned 

heterogeneous substrates. To this end, first, a mathematical model for simulating the 

evaporation of a droplet on substrates is presented. The validity of the mathematical model is 

confirmed by comparing with theoretical or experimental results. Second, a lattice Boltzmann 

(LB) simulation is performed to investigate the evaporation behavior and internal fluid flows 

of a single droplet on substrates with homogeneous wettability. The effect of evaporation rate 

and the wettability of substrates on the contact line motion and internal flows are discussed. 

Third, a two-phase LB simulation is performed to investigate the evaporation of an 

evaporating droplet on patterned substrates with heterogeneous wettability. The contact line 

motion is discussed for various patterned substrates with different width of hydrophilic 

regions. Finally, solid particles transport and deposit after drying a droplet on hydrophilic 

substrates is numerically studied by incorporating a solid particles transport model into the 

two-phase lattice Boltzmann model. 



3 

 

1.2 Outline 

The outline of the present dissertation is introduced as follows. 

In Chapter 1, background and objectives of this study are presented. Then literature 

review on the inkjet film formation, evaporation behavior of a single droplet on substrates 

and numerical studies of two-phase flows are summarized in order to clarify the significance 

of this study.  

In Chapter 2, a mathematical model for the simulation of an evaporating droplet on 

substrates is introduced. The mathematical model is composed of a two-phase lattice 

Boltzmann model, wetting model and evaporation model. A lattice Boltzmann model is a 

class of computational fluid dynamics methods and is based on microscopic and mesoscopic 

kinetic equation by considering the behavior of a collection of fluid particles as a unit. A 

wetting model is used to describe the wettability of substrates, which is applicable to the 

present lattice Boltzmann model. In the present study, two kinds of wetting models are 

utilized; an adhesive force wetting model and a partial wetting boundary condition model. An 

evaporation model is proposed to describe evaporation of liquid phase on the droplet surface 

by adding an evaporation term into the particle distribution function for the order parameter. 

The evaporation term indicates the rate of mass loss in the interface region between the liquid 

and vapor phases. The evaporation of a droplet in ambient vapor is calculated to examine the 

validity of the present evaporation model. In addition, a solid particle transport model is 

proposed, which is capable to describe colloid particles motion in a droplet and deposit onto 

substrates.  

In Chapter 3, a two-phase lattice Boltzmann simulation is performed to investigate the 

effect of simulation parameters such as dimensionless surface tension, density ratio and order 

parameter on the spurious velocities that appear in a droplet in ambient vapor. A 

dimensionless surface tension parameter is given with preserving actual values of the 

physical properties of surface tension by adjusting the scale parameter. The dimensionless 

surface tension can significantly reduce the spurious velocities. The magnitude of the 

spurious velocities is sufficiently small to neglect the internal fluid flow caused by the 

spurious velocities in an evaporating droplet. Nevertheless, the decrease in the order 
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parameter does not affect the reduction of spurious velocities, the smaller the order parameter 

is the shorter the time to reach steady state becomes. The spurious velocities slightly decrease 

as the density ratio of the liquid and vapor phase decreases.  

In Chapter 4, a two-phase lattice Boltzmann simulation is performed to investigate the 

evaporation behavior of a single droplet on substrates with homogeneous wettability. An 

evaporation model is used in the simulation to describe the mass loss from the surface of the 

evaporating droplet. In addition, a partial wetting boundary condition is imposed on the 

lattice sites on the substrate surface to determine the wettability of the substrate. During the 

evaporation of a droplet on a hydrophobic substrate, the wetting diameter decreases while the 

contact angle remains almost constant. The evaporation termination time increases when the 

evaporation rate coefficient decreases. In order to take into account the dynamical changes in 

the contact angle in the pinning stage of evaporation, the partial wetting boundary condition 

is modified by using the relationship between the change in the droplet volume and the 

contact angle when the contact line is pinned. In addition, internal fluid flows towards the 

contact line of the droplet in the pinning stage of the evaporation are discussed.  

In Chapter 5, a two-phase lattice Boltzmann simulation is performed to investigate the 

evaporation behavior of a droplet on the patterned substrate with different wettability. The 

patterned substrates have hydrophilic region with the width of Lphi in the middle of 

hydrophobic region. The wettability of substrate is evaluated by the adhesive force between 

liquid and wall to give static contact angles of liquid film on the substrate. In addition, the 

difference in the pinning time and the evaporation termination time is obtained for different 

width of hydrophilic region on patterned substrates.  

In Chapter 6, deposit of solid particles after drying droplet on substrates is numerically 

investigated. A solid particles transport model is proposed which is capable to incorporate 

into the two-phase lattice Boltzmann model for simulating the solute deposit of an 

evaporating droplet on substrates. Solid particles transport inside the droplet is evaluated by 

solving a Newton equation for each solid particle inside the droplet. This equation accounts 

for the particles transport due to the surrounding fluid flows, the force of the capillary 

interaction between the particle and the liquid-vapor interface, gravity, buoyancy force and 

the force due to the potential energy of the interaction of each solid particle with any other 
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solid particle. The solid particles transport inside droplet and the shape of solid particle 

deposit after droplet evaporation are investigated. 

In Chapter 7, conclusions of this study and future works are presented. 

1.3 Literature review 

Literature review on the inkjet film formation, evaporation behavior of a single droplet 

on substrates and numerical simulations of two-phase lattice Boltlzmann model are 

summarized. 

1.3.1 Application of Inkjet printing to film formation 

Inkjet printing can form monodispersed droplets in picoliter size, which is widely used 

in the field of printers in office and household. Recently, inkjet printing is a key technology 

for producing micro-droplets on specific region of substrates used in various industrial 

manufacturing. For example, the inkjet technology has been applied to electrical [3, 9-11], 

optical [12] and biotechnology industries [13]. Fig. 1-2 shows a schematic diagram of 

high-resolution inkjet printing onto a pre-patterned substrate to form organic thin-film 

transistor (TFT) [3]. 

Inkjet technology can be used to ‘write’ refractive microlenses for optical interconnects. 

Fig. 1-3 illustrates an assembled smart-pixel switch containing a lens array printed using the 

inkjet technology [14, 15].  

Inkjet droplets deposition of active elements such as DNA has been interested because 

bioactive fluids are usually not suitable for use in photolithographic or other subtractive 

processes. Fig. 1-4 shows the result of hybridizing a wild type M. tb. target to an array of 100 

m oligonucleotide probes spots printed on 200 m centers [15]. While a probe 

complementary to a drug resistant mutant strain was printed to form the letters ‘TB’, a probe 

complimentary to the wild type was printed around the letters to fill in the square array. 

 



6 

 

 

 
Fig. 1-2 (A) A schematic diagram of high-resolution inkjet printing onto a prepatterned 

substrate. (B) Atomic force microscopy (AFM) showing accurate alignment of 

inkjet-printed PEDOT/PSS source and drain electrodes separated by a repelling polyimide 

(pl) line with L = 5 m. (C) Schematic diagram of the top-gate inkjet printing TFT 

configuration with an F8T2 semiconducting layer (S, source; D, drain; and G, gate). (D) 

Optical micrograph of an inkjet printing TFT (L = 5 m) [3]. 

 

 

Fig. 1-3 Smart-pixel array module (top) and printed 250 m diameter microlens array in 

module with VCSELs under 6 lenslets turned on (bottom) [14, 15].  
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Fig. 1-4 100 m spots of DNA on 200 m centers: wild type M.tb. probe hybridized with 

wild type target [15]. 

 

For above all, the inkjet printing method is main technologies applied to various 

industrial processes due to the simplicity, low cost, flexibility and maturity. In these 

processes, microdroplets with solid constituents or solutes deposit onto substrates to form 

thin films or particle layers after evaporation and drying of the droplets. The thickness profile 

or uniformity of the thin film is key factors for the industrial processes. Therefore, the 

evaporation or drying of droplet on substrates has been investigated experimentally, 

theoretically or numerically. 

1.3.2 Evaporation or drying of droplet on substrates 

The evaporation behavior of a sessile droplet on substrates has been investigated in a 

large number of experimental, theoretical or numerical studies.  

Shanahan and Bourgés [16] measured the variation of the contact angle and wetting 

diameter of an evaporating droplet on polymer surfaces. They found three stages of 

evaporation behavior characterized by two types of contact line motion: the wetting diameter 

remains constant whereas the contact angle decreases (pinning), the wetting diameter 

decreases and the contact angle remains constant (de-pinning), and the wetting diameter 

decreases with decreasing contact angle (pinning and de-pinning mixture). The evolution of a 

sessile droplet on a polymer surface for three stages are shown in Fig. 1-5. Bourgés and 
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Shanahan [17] investigated the evaporation of sessile drops of water and n-decane on various 

substrates. In the results, two or three different stages appeared, depending on the surface 

roughness. Hu and Larson [18] performed a numerical analysis of the evaporation of a 

droplet with a pinned contact line and predicted the evaporation flux along the droplet 

surface. They analyzed the microfluid flow in an evaporating sessile droplet with pinned 

contact line using an analytical lubrication theory in numerical studies [19]. 

 

qc

d

h

Stage I: pinning Stage II: de-pinning Stage III: mixture
 

 

Fig. 1-5 Schematic representation of a sessile droplet during evaporation. 

 

 
Fig. 1-6 Mechanism of outward flow during evaporation. a and b show an increment of 

evaporation viewed in cross-section [5]. In a, the result of evaporation without flow: the 

droplet shrinks. In b, the compensating flow needed to keep the contact line fixed. In c, the 

quantities responsible for flows leave at a rate per unit area J(r). The removed liquid contracts 

the height h(r) vertically, vacating the vertically striped region in a short time t. 

Depth-averaged speed of fluid flows is )(rv . 
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Fig. 1-7 (a) Volcano-shaped polymer dot, formed by an inkjet printed drolet of a 1 wt% 

solution of polystyrene in acetophenone on perfluorinated glass; (b) cross-sections in the x- 

and y-directions [21]. 

 

 
Fig. 1-8 (a) Polymer dot, fomed by a droplet of a 1 wt% solution of polystyrene in an 80/20 

wt% ethy1 acetate/acetophenon mixture on perfluorinated glass; (b) cross-sections in the x- 

and y-directions [21]. 
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As for the formation of thin films or particle layers, Deegan et al. [5, 20] investigated 

the ring-like deposit of solutes formed after the drying of droplets and reported that the 

ring-like deposit is a result of outward flows towards the contact line when the contact line is 

pinned. Fig. 1-6 illustrates the factors leading to outward flow in a small, thin, dilute, circular 

droplet of fixed radius R slowly drying on a solid surface. 

De Gans and Schubert [21] studied the film formation from a polymer solution droplet 

and the film shape after the drying of the droplet by changing the ratio of the mixture solvent. 

Fig. 1-7 and 1-8 shows a polymer dot shape after drying of polystyrene solution droplet for 

different ratio of the mixture solvent.  

Morozumi et al. [22] investigated the effect of the substrate temperature on the shape of 

the ring-like deposit both experimentally and numerically. Park and Moon [23] investigated 

the particle deposit patterns by controlling the particle concentration of the colloidal ink. Fig. 

1-9 shows the morphologies of SiO2 particle deposit produced from the single inkjet droplets 

by varying ink concentration from 0.5 to 4 vol% after drying on the hydrophilic Si substrate. 

In their results, they demonstrated the particle concentrations play a critical role for 

determining the morphologies of particle deposit from evaporating colloidal droplets.  

 

 
Fig. 1-9 Images of deposit patterns composed of the silica microspheres produced by inkjet 

printing of a single inkjet droplet of water/ formamide (FA)-based ink [23]. 

 

Fukai et al. [24] investigated the effects of the droplet size and initial solute 

concentration on the drying process and film shape of polymer solution droplets and the film 
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shape. Both pinning and de-pinning of the contact line were observed on hydrophilic 

substrates, whereas the pinning of the contact line was not observed on hydrophobic 

substrates. The shape of the film formed by the evaporation of a sessile droplet was affected 

not only by the contact line motion but also by internal flows during the evaporation. Kim et 

al. [25] performed an experimental study of the direction and the magnitudes of internal fluid 

flows inside an evaporating water droplet using a theoretical equation of the vertically 

averaged velocity. They explained the ring-like deposit in the final stage of evaporation from 

the observation of the vertically averaged internal velocities of an evaporating droplet. 

Soltman and Subramanian [26] reported that the enhancement or elimination of the coffee 

ring is achieved by adjusting temperature in their drying features. Kaneda et al. [27] 

investigated the effect of the initial solute concentration and the evaporation rate of a droplet 

on a hydrophobic substrate on the flow pattern, both experimentally and numerically. 

Yoshitake et al. [28] carried out a numerical simulation of internal flows induced by the 

Marangoni effect and discussed the effect of the contact angle on the solute transport. Yunker 

et al. [29] reported that the shape of the suspended particles is important factor and can be 

used to eliminate the ring-like deposit: ellipsoidal particles are deposited uniformly during 

evaporation.  

Evaporating behavior and thin film formation on heterogeneous substrate have also been 

investigated. Wang et al. [30] proposed a method that was improvement of droplet 

positioning accuracy on substrates and controlled thin film patterning (Fig. 1-10). Jung et al. 

[31] studied the drying of a thin film of oligomeric polymer solution placed on a substrate 

enclosed by bank to avoid a ring-like deposit of polymer solute. Morita et al. [7] proposed 

sub-micrometer and micrometer scale site-selective coating of polymer solution on flat 

patterned substrates with different wettability, and obtained complete line-patterned polymer 

thin film with a line of hydrophilic region. The difference in wettability between the front and 

backsides of the film would be a key factor for the formation of patterned thin film. Fig. 1-11 

shows the micrographs of polymer thin films coated by inkjet method. 
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Fig. 1-10 AFM pictures of dewetted PEDOT/PSS (polymer poly/poly) [30]. a, b, e show 

AFM topography (a), phase (b) and cross-sectional image (e) of dewetted 1:3 PEDOT/PSS 

droplets split on top of a 250-nm FDTS SAM without mesa. C, d, f give the corresponding 

dewetting results of 1:1 PEDOT/PSS droplets on a 500-nm-wide FDTS SAM with 30-nm 

mesa. 

 

 
Fig. 1-11 Optical micrographs of polymer thin films coated by ink-jet method. PS/xylene 

solution was applied on (a) Rf/Si-OH and (b) Rh(C10)/Si-OH patterned surfaces with 10 m 

line width [7].  

 

1.3.3 Two-phase lattice Boltzmann model 

Lattice Boltzmann model (LB) model is a numerical model based on a microscopic and 

mesoscopic kinetic equation, which is derived from lattice gas automata (LGA) method [32, 

33]. The LB model has been used to simulate multiphase flows [34-37]. Shan and Chen [38, 

39] described the LB model in detail by incorporating an interparticle potential term in order 
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to model the phase segregation and surface tension of nonideal gases and liquid-gas phase. A 

LB model based on the free-energy approach was proposed by Swift et al. [40, 41] to 

simulate the hydrodynamics of phase separation and two-phase flows. In the model by Swift 

et al., standard boundary conditions are provided in order to investigate the effect of wetting 

on the phase separation and the fluid flow in confined geometries.  

(a) Two-phase lattice Boltzmann model with large density ratio 

A larger number of researchers started to solve two-phase flows with large density ratio 

same as that of actual liquid and gas fluids. Lee and Lin [42], and Inamuro et al. [43] made it 

possible to track the interface movement of two-phase flows with a large density ratio up to 

1000. Tanaka et al. [44] employed the two-phase lattice Boltzmann model proposed by 

Inamuro et al. [43] to simulate a droplet impinging on a solid surface. Yan and Zu [45] 

performed a numerical simulation of the droplet spreading on partial wetting substrates by 

using the two phase lattice Boltzmann model of Inamuro et al.[43] with the partial wetting 

boundary conditions of Briant et al. [46-48].. Zheng et al. [49] proposed a LB model without 

solving the Poisson equation and complex treatments for derivative terms. This method was 

further verified by applying to capillary wave and the bubble rising. Begum et al. [50] further 

demonstrated the validity of a incompressible LB method by using Casson’s Rheology model 

[51] and Shan and Chen model [38] for different flows and phase transition process. 

(b) Spurious velocities 

To simulate the interfacial dynamics between gas and liquid phase, an intermolecular 

force term is required in the lattice Boltzmann equations. However, the intermolecular force 

term between gas and liquid phase will cause unphysical flows in order to satisfy the balance 

of interaction surface stresses in the interfacial region. The unphysical velocity is also called 

as spurious velocities or currents [52]. The reduction of spurious velocities is required in 

interfacial dynamics of multiphase flows. For example, in a drying droplet on substrates, 

internal fluid flows caused by droplet evaporation will transport solid constituents or solutes 

toward the contact line [20]. In this case, reducing or eliminating of spurious velocities are 

required for an accurate computation of solute deposit of a drying droplet [53]. Therefore, 

much attention has been paid to the reduction or elimination of the spurious velocities in past 

researches. He et al. [54] proposed a LB formulation derived by He and Luo [55]. In their 
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study, they suggested that an improved LB scheme could remove unphysical approximations. 

Further, He et al. [56] proposed a new LB scheme. In their LB scheme, a pressure 

distribution function was introduced to replace the single particle density distribution 

function. As a result, the numerical stability could be improved by reducing the effect of 

numerical errors in the calculation of molecular interactions. Wagner [57] reported that the 

origin of spurious velocities is caused by the different discretization of driving forces for 

order-parameter and momentum equations in LB model. To eliminate the spurious velocities, 

the pressure form of the driving force term was replaced by the potential form of the driving 

force term. However, artificial viscosity was used for stable computation. Lee and Fischer 

[58] pointed out the spurious velocities are caused by discretization errors in the computation 

of the intermolecular force. Thus, they proposed a mixture scheme of discretization for 

potential form of the intermolecular force. However, non-mass conservation exists in their 

model [59]. Lou et al. [60] proposed a necessary condition for linear combinations of the 

interaction force and fluid density in interface regions for vanishing spurious velocities. In 

addition, this necessary condition can not be fulfilled at a discrete level due to discretization 

errors. Pooley and Furtado [61] showed the magnitude of spurious velocities which can be 

significantly reduced with a careful choosing of equilibrium distribution functions with the 

stencils of numerical calculation derivatives in a free-energy lattice Boltzmann algorithm. In 

addition, they presented a second numerical scheme which moves the gradient terms of 

intermolecular force in the equilibrium distribution function into a body force term leading to 

a further reduction of spurious velocities while preserving momentum conservation. 

Physical properties or equation of state of two-phase fluids have also a great influence 

on the reduction of spurious velocities. Leclaire [62] investigated the effect of surface tension 

coefficient on the spurious velocities. Yu and Fan [63] showed the spurious velocities 

decreases with increasing viscosity of the two-phase fluid. In lattice Boltzmann simulation, 

physical properties of density, viscosity and surface tension are non-dimensionalized by 

giving the characteristic scales of time, length and mass. However, these dimensionless 

physical properties cannot be given uniquely. This is because these dimensionless properties 

can recover the actural physical properties by appropriately adjusting the characteristic scales, 

even if the dimensionless physical properties are arbitrary chosen. Equation of state is utilized 
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to describe the relationship between temperature, pressure and volume (or density) for a 

given fluid. In two-phase flows, thermodynamic pressure evaluated by equation of state is 

incorporated into the intermolecular force term in order to distinguish the two-phase of fluid. 

Order parameter or density is used to define the shape of equation of state. Yuan [64] 

investigate the maximum magnitude of spurious velocities can be greatly reduced by 

changing the equation of state. 

(c) Wetting model 

To simulate a droplet or liquid-gas interface on solid substrates, a wetting model is 

incorporated into two-phase LB model to describe wettability of the solid substrate. Sukop 

and Or [65] introduced a force between fluid particles and solid surface [66] which was 

incorporated into LB model by Newton’s law. Briant et al. [46] developed a wetting model 

by adding partial boundary condition into equilibrium distribution function at wall sites. It is 

possible to control the wetting angle at any flat substrate. Iwahara et al. [67] proposed a 

boundary condition between fluid-side and solid-side nodes. This boundary condition was 

incorporated into the two-dimensional two-phase LB method of Inamuro et al. [68, 69] and 

used to model smooth substrates of chemically heterogeneous surfaces. Davies et al. [70] 

proposed a dynamic wetting boundary condition for the ‘finite-density’ multiphase model to 

give wettability of substrates. In this model, a surface affinity as was defined at first. The 

wetting boundary condition of – 1 ≤ as ≤ 1 is corresponding to from a non-wetting boundary 

to perfectly wetting boundary.  

(d) Contact line motion 

Due to boundary condition developed for giving the wetting of droplets, the 

hydrodynamics behaviour, such as the spread of droplet or contact line motion of droplet on 

a homogenous or heterogeneous substrate had been investigated. LB simulations of contact 

line behavior on solid surface have been reported [46-48]. Dupuis and Yeomans [71-74] 

presented a LB model to describe the spreading of droplets on topologically patterned 

substrates. The dynamics of liquid droplets on chemically patterned substrates was presented 

by Kusumaatmaja et al. [75] using a free energy LB model. Chang and Alexander [76] 

applied the nearest-neighbor molecular interaction force [66] to the adhesive force and 

investigated the spreading of a single droplet on striped surfaces of hydrophilic and 
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hydrophobic domain. Yeomans and Kusumaatmaja [77] modeled the droplet dynamics and 

captured the physics of droplets moving across patterned surfaces. Yan [78] focused on 

surface tension dominated behaviour of water droplets spreading on hydrophilic surface with 

hydrophobic strips of different sizes and contact angles under different physical and 

interfacial conditions. Kim et al. [79] provided a relationship between local roughness and 

contact angle to analyze different possible roughness distributions and to calculate the effect 

of the cross-sectional area of pillars by using a LB model of Inamuro et al. [43].  

(e) Evaporation or condensation 

Yamamoto and Suzuki [80] simulated evaporation phenomenon of metals by using a LB 

method. Zhang and Chen [81] presented a LB method to simulate liquid-vapor boiling 

process. Joshi and Sun [53, 82, 83] further developed the LB model which can simulate 

particle deposition on patterned substrates. Márkus and Házi [84] simulated evaporation 

through a plane interface by applying an extension of the Shan-Chen lattice Boltzmann 

method [38]. Kamali et al. [85] argued the evaporation and condensation at the nose and the 

tail of the moving bubble that facilitates the motion of the three-phase contact line in the 

Shan-Chen LB approach [38].  
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Chapter 2  Numerical Simulation Model 

2.1 Introduction 

A lattice Boltzmann method (LBM) is a powerful tool to simulate phase segregation 

[86] or interfacial dynamics of multiphase fluid flows [37], e.g. multiphase or 

multicomponent flows [49, 87]. The key success of the LBM is based on microscopic and 

mesoscopic kinetic equations, and it is more efficient to simulate the interfacial dynamics of 

multiphase fluid flows compared with traditional computational fluid dynamics (CFD) 

methods based on Navier-Stokes equation. In particular, the model makes it possible to track 

the interface movement of two-phase flows with a large density ratio up to 1000 [42, 43]. In 

this chapter, two-phase LB models are introduced, incorporating a wetting model, an 

evaporation model and a solid particles transport model. In addition, boundary conditions are 

also discussed in this section.  

2.2 Two-phase lattice Boltzmann model 

2.2.1 Lee and Lin model 

Lattice Boltzmann models are based on microscopic and mesoscopic kinetic equations, 

and the behaviour of a collection of fluid particles is considered to recover the conservation 

law of continuum fluid dynamics. The property of a collection of fluid particles at a given 

node point is represented by a discrete-velocity distribution function of particle number 

density. The fluid particles are confined to the node of a regular lattice, and the movement of 

the fluid particles are restricted toward the neighboring nodes with discrete-velocities. Fig. 

2-1 shows a two-dimensional nine velocity (D2Q9) model. In the D2Q9 model, identical 

particles velocities are given by 

111110100

111101010
,,,,,,,, 876543210 eeeeeeeee  (2-1) 
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Fig. 2-1 D2Q9 lattice, velocities ei and particle distribution function fi. 

 

In a two-phase lattice Boltzmann model proposed by Lee and Lin [42], two particle 

distribution functions are utilized. In their model, the time evolution equations of particles 

distribution functions are expressed as 
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where fi is a particle distribution function in i direction on the lattice and is related to the 

order parameter, gi is a particle distribution function for hydrodynamic pressure and 

momentum, P is modified pressure,  and u  are the density and velocity of two-phase fluids, 

respectively. e i is the -component of the i direction microscopic velocity. In Eq. (2-2), k is 

a constant parameter determining the interface width D and the dimensionless surface tension 

LG related to the magnitude of the surface tension force. The reference speed of sound cs
2 = 

1/3,  is the relaxation time due to collision. The equilibrium distribution functions fi
eq and 

gi
eq are corresponding equilibrium states of fi and gi and are given as 
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where ti is the weighting factor,  is the Kronecker delta. Гi in Eq. (2-2) is expressed as 
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( ) is the chemical potential and takes the form of  

))()((4)( MLG             (2-7) 

where L and G are the density of liquid and gas phases at saturation, respectively.  is a 

constant relating to the interfacial thickness and M = ( L+ G)/2.  

In a plane interface at an equilibrium condition, the density profile across the interface at 

equilibrium can be represented as 

D
zz GLGL 2tanh

22
)(             (2-8) 

where z is the direction normal to the interface. The interface thickness D is give by  

2
4 kD

GL

                (2-9) 

The dimensionless surface tension force LG is given by 

kGL
LG 2

6
)( 3

               (2-10) 

The above LBEs are solved in two steps: collision (pre-streaming collision and 

post-streaming collision steps) and streaming steps.  

Pre-streaming collision step: 
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Streaming step: 
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Post-streaming collision step: 
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where Δt is the time step during which the particles travel through the lattice spacing.  is a 

relaxation time which can be expressed as  = / t. The relaxation time  is assumed to 

linearly depend on the density in the interface region as follows: 

 = c L – (1 – c) G                (2-17) 

where L and G are the relaxation time for liquid and gas phase, respectively. c is expressed 

as c = (  – G)/( L – G). The viscosity is given by = cs
2 t. 

Density, velocity and hydrodynamic pressure are calculated using the particle distribution 

functions after the streaming step as follows: 

i
if                   (2-18) 
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The first and second derivatives of density are calculated at node (i, j), respectively [42]: 
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2.2.2 Inamuro model 

In the two-phase LBM model proposed by Inamuro et al. [43], two particle distribution 

functions, fi and gi are employed. The function fi is used to calculate the order parameter  

which distinguishes the two phases, while the function gi is used to calculate the predicted 

velocity of the two-phase flows without a pressure gradient. The time evolution of the 

particle distribution functions fi(x,t) and gi(x,t) at position x and time t are given as follows: 
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where τf =1 and τg =1 are single relaxation times, Δx is a spacing of the square lattice and μ is 

viscosity. fi
eq and gi

eq are expressed as follows [44, 45]: 
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where Gαβ( ) is given as 
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and the weighting factors of Hi, Wi and Fi are presented as 

H0 = 1, H1 = H2 =…= H8 = 0, 

W0 = 4/9, W1 = W2 = W3 = W4 = 1/9, W5 = W6 = W7 = W8 = 1/36, 

F0 = – 5/3, Fi = 3Wi (i = 1, 2,…8)             (2-29) 

The first and second derivatives are calculated by using the following second-order 

finite difference approximations: 
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where  is an arbitrary variable u  or . The parameter p0 is given by as follows [45]: 

bGLGLGL pp )3)()(( 2
0       (2-32) 

where ψ is the bulk free-energy density and takes the following simple form in an isothermal 

system: 

bbLG p22 )()()(             (2-33) 

where L and G are the order parameters for liquid and gas phase, b and pb (pb=β L
2

G
2) are 

the bulk chemical potential and bulk pressure, respectively [46-48].  

In a plane interface at an equilibrium condition, the density profile across the interface 

can be represented as 

)2(tanh
22

)(
D
zz GLGL              (2-34) 

where z is the direction normal to the interface. The interface thickness D is give by  

2
4 kD

GL

                (2-35) 
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The dimensionless surface tension parameter between liquid and gas phase, σLG, is expressed 

as [88] 
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The macroscopic variables, , u *, ρ and μ can be evaluated as 
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The predicted velocity u * does not satisfy a divergence free condition, so u * should be 

corrected to satisfy the continuity equation. The corrected velocity u  can be obtained by 

solving the following equation: 

p*uu                  (2-40) 

The pressure p is calculated by using the evolution equation of velocity distribution function 

hi: 

x
WxpWxhxhxexh i

n
i

n
i

h

n
ii

n
i

*
1

3
1)()(1)()( u         (2-41) 

where n is the number of iterations, τh is the relaxation time given by τh = 1/ρ + 1/2. p is 

obtained by 
8

0

11

i

n
i

n hp                  (2-42) 

The convergent pressure p of Eq. (2-41) is iterated until |pn+1 – pn|/ρ < ε is satisfied in the 

whole computational domain. The tolerance ε is set to 1.0×10-6 in the present study. By 

substituting the newly obtained pressure p into Eq. (2-40), the corrected velocity u  is 

obtained. 
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2.3 Boundary conditions 

To develop an accurate computation scheme, efficient boundary conditions is important. 

This is because boundary conditions will influence the accuracy and stability of the 

computation. In this section, three kinds of boundary conditions, cyclic boundary condition, 

bounce back condition and mass conserving solid wall boundary condition, are introduced.  

2.3.1 Cyclic boundary condition 

The cyclic boundary condition would be applied to the ‘open’ ends of the slit. Fig. 2-2 

illustrates the cyclic boundary conditions when the flow transfer out of the region of lattice 

boundary x = 0 and Lx. For example, the flow point is on the left of line x = 0 and on the right 

of line x = Lx. Now, the flow point on the left of line x = 0 is discussed. The node is expressed 

as (i, j). When the distributions functions are unknown on the line x = i–1, the cyclic 

boundary condition is given as: 

f(i–1, j) = f(Lx, j)                 (2-43) 

For the flow on the right end line x = Lx have the similar condition. The distribution 

functions are unknown on the line x = Lx +1, thus, the cyclic boundary condition is given as: 

f(i+1, j) = f(0, j)                 (2-44) 

Lx0  

Fig. 2-2 Cyclic boundary condition. 

 

2.3.2 Bounce back condition 

Bounce back boundary condition is widely applied to traditional CFD methods to 

simulate the flow colliding with a solid wall. The fullway bounce back method of stationary 
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boundary will be introduced at here, which is shown in Fig. 2-3. Now, let consider x = 0 and 

x = Lx as solid wall. For x = 0, the magnitude of particle distribution functions f5, f1 and f8 is 

unknown which are given by f7, f3 and f6 from streaming process, respectively. The boundary 

condition can be expressed by 

f5 = f7, 

f1 = f3 

f8 = f6                    (2-45) 

For x = Lx, the f7 = f5, f3 = f1 and f6 = f8, where f5, f1 and f8 are known from streaming process. 
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Fig. 2-3 Bounce boundary conditions. 

 

2.3.3 Mass conserving solid wall boundary condition 

A boundary condition that can prevent the leakage of mass in a given system is greatly 

important for LB simulations. Bao et al. [89] proposed a mass conserving solid wall 

boundary condition which is based on a curved wall boundary condition proposed by 

Filippova and Hänel (FH boundary condition) [90] and Mei et al. (MLS boundary condition) 

[91, 92].  

FH boundary condition is briefly introduced in here. As shown in Fig. 2-4, eã and e  

denote the directions opposite to each other, xb is a boundary node, xf is a fluid node. The 

curved wall is located between boundary and fluid nodes. In order to terminate the streaming 

(xb,t) at the boundary node xb  denotes the post-collision 
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state of the distribution function. Thus, the total mass is conserved. In FH model, the 

(xb,t) is forced on curved boundaries. 
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where uw= u(xw,t) is the velocity at the wall,  is the weighting factor that controls the linear 

(xf,t) and ƒα
*(xb,t) (Filipova and Hänel, 1998) [90]. In this study, ubf 

is chosen to equal with uf, where uf is fluid velocity near the wall. (xw,t) is wall density. 

When uw = 0, and  = 0 are chosen, therefore, Eq. (2- ã(xb,t (xf,t).  

 

 
Fig. 2-4 Layout of the lattice and curved wall boundary [91]. 

 

The fictitious equilibrium distribution ƒα
*(xb,t) term is responsible to guarantee mass 

conservation [89] 
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where ubf
y is the y-component of ubf and uf

y is the y-component of uf. f4, f7 and f8 are outgoing 

particle distribution functions which are known. Fig. 2-5 shows the known (f4, f7 and f8) and 
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unknown (f2, f5 and f6) particles distribution functions of a flat boundary at the lower wall 

boundary after the streaming step. Then, by substituting the expression of (xw,t) into Eq. 

(2-47), the unknown particle f2, f5 and f6 can be obtained. It is straightforward to show that 

this boundary treatment satisfies the condition: ∑outgoingƒ=∑incomingƒ. 

When ubf is chosen to equal with uf, thus, ƒα
*(xb,t (eq)(xf,t)= (xf,t) [89]. Then, mass 

conserving solid wall boundary conditions at lower wall are expressed by particle distribution 

function as  

2(xb,t) = ƒ4
*(xb,t) 

5(xb,t) = ƒ7
*(xb,t) 

6(xb,t) = ƒ8
*(xb,t)                (2-49) 

 

 

Fig. 2-5 Particles distribution functions of a flat boundary site at the lower wall boundary 

after the streaming step [89]. 

 

2.4 Wetting model 

In this section, two kinds of wetting model, adhesive force model and a partial wetting 

boundary condition, are introduced at first. These wetting models can be incorporated into 

different LB models to give the wettablility of substrates. The magnitude of static contact 

angle of a droplet on homogenous substrate will be a standard of the substrate wettability. In 

case of the static contact angle of c < 90º, the droplet is on hydrophilic substrate. In contrast, 

in case of c > 90º, the droplet is on hydrophobic substrate.  
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2.4.1 Adhesive force model 

To take into account the wettability of the substrate, the fluid-solid surface force is 

described by Eq. (2-50) [66] 

etsGtEtFad )(),(),( exxx             (2-50) 

where s = 1 or 0 for a solid of site at x+e t or fluid. E is the interaction potential which can 

be chosen the form with flexibility. In the present study, E has the following equation form. 

/)(5.0),( ltE x                 (2-51) 

The Ga is the direction-dependent weighting factor and defined as 

0,0

2

14

e

eG

eG

G d

d

          (2-52) 

By adjusting the interaction strength parameter Gad for the fluid, the wettability of substrates 

is given. 

2.4.2 Partial wetting boundary condition [45, 46] 

A partial wetting boundary condition based on the free energy of the fluid-solid 

interaction is imposed on the lattice sites of the wall surface by using the derivatives of the 

order parameter normal to the wall. 

A one-dimensional problem where one phase of the nonideal fluid occupies the region y 

> 0 with a solid wall y = 0 is considered, and the derivative of the order parameter on the wall 

is expressed by  

s

s

d
d

dy
dk )(                (2-53) 

where s is the order parameter on the wall, ( s) is the contribution of the fluid-solid 

interaction to the surface energy, and  is a constant that is obtained from a wetting potential 

, 

kGL 2)(
4
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In addition,  can be obtained for a given contact angle as 
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where = arccos(sin2
c). In order to introduce a partial wetting boundary condition in the 

lattice Boltzmann simulation, the following boundary conditions are imposed on the lattice 

sites through the equilibrium distribution functions fi
eq and gi

eq as follows: 
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2.4.3 Spread of droplet on substrate 

Numerical simulations are carried out for a droplet on a homogenous substrate. Initial 

volume of the droplet is set to dw
3/12. When the shape of the droplet reaches to a 

corresponding equilibrium state, the contact angle of the droplet is calculated using the 

wetting diameter dw and the height h as follows:  

22)2/(
arcsin

hd
hd

w

w
c               (2-58) 

The spread of droplet on homogenous substrate is checked for each wetting model to 

demonstrate that the wetting models can reproduce the wettability correctly in the present 

simulation. 

The physical problem and computational domain of a droplet on a homogeneous 

substrate are shown in Fig. 2-6. The computational domain is a two-dimensional Cartesian 

coordinate system and is divided into Lx Ly lattices. The lattices size are given as 400 150 

for the adhesive force model incorporated into the LB model proposed by Lee and Lin [42], 

whereas the lattices size are given as 80 30 for the partial wetting boundary condition 

incorporated into the LB model proposed by Inamuro et al. [43].  
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Fig. 2-6 Physical problem and computational domain of droplet on homogenous substrates. 

 

Adhesive force model is incorporated into the LB model proposed by Lee and Lin [42]. 

The computational conditions are shown in the simulation parameters (a) of Table 2-1. The 

partial wetting boundary condition is incorporated into the LB model proposed by Inamuro et 

al. [43]. The computational conditions are shown in the simulation parameters (b) of Table 

2-1. 

 

Table 2-1 Computational conditions 

 Simulation parameters (a) Simulation parameters (b) Physical properties 

ρL 1.0 1000 1000 kg m-3 

ρG 1.2 10-3 1.29 1.29 kg m-3 

L - 0.4 - 

G - 0.1 - 

L/ G 55.6 55.6 55.6 

σLG 2.09 10-3 5.0 10-3 7.2 10-2 N m-1 

D 12 3 - 

dw 100 20 2.0 10-4 m 

g 1.14 10-9 6.8 10-9 9.8 m s-2 
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In these simulations, the Ohnesorge number (Oh= L/( L LG (dw/2)2)0.5) and the Bond 

number (Bo=( L- G)gr(dw/2)2/ LG) are set to 1.18 10-2 and 1.36 10-3, respectively. 

To test the validity of these wetting models, the spread of a droplet on homogenous 

substrate given by the adhesive force model or the partial wetting boundary condition model 

are simulated, and the results are shown as follows.  

Fig. 2-7 shows the calculated shape of the droplet at steady state on the different 

wettability substrate with Gad = – 0.003, 0 and 0.002 by using the adhesive force model. The 

contact line motion with time step is affected by adhesive force and gravity, the droplet 

finally reaches an equilibrium shape with contact angle c = 42.7º, 90º and 121.8º, 

respectively. 

 

Gad = -0.003

Gad = 0.002

Gad = 0.0

 

Fig. 2-7 Shape of the droplet at steady state on the uniform substrate with Gad = –0.003, 0.0 

and 0.002 

 

Fig. 2-8 shows a correlation between the static contact angle c and interaction strength 

parameter Gad. From this figure, the contact angle is given in the range of º to 121.8º with 
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the interaction strong parameter Gad from –0.003 to 0.002. The c increases linearly with 

increasing Gad. For Gad < 0 and Gad > 0, the droplet represents the hydrophilic and 

hydrophobic region of the substrate, respectively. The contact angles are arbitrarily given for 

the substrate with different wettability. It indicates that the wetting model can be used in the 

LB model proposed by Lee and Lin [42] as reliable way to control substrate wettability. 
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Fig. 2-8 Correlation between static contact angle θc with interaction strength parameter Gad in 

the adhesive force model. 

 

The wettability of substrates is evaluated by imposing a partial wetting boundary 

condition into the LB model proposed by Inmuro et al. [43]. The results of droplet spreaded 

on homogenous substrate are shown as follows. 

Fig.2-9 shows a correlation between the calculated contact angles and the given static 

contact angles. It can be seen that the calculated contact angles show a good correlation with 

the given static contact angles in the range 30º to 120º. 
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Fig. 2-9 Correlation between the calculated contact angles ( c) and the given contact angles 

( c,g) in the partial wetting boundary condition model. 

 

2.5 Evaporation Model 

To evaluate the evaporation of liquid phase on the droplet surface, an evaporation term 

is added into the particle distribution function for order parameter as follows. 

2.5.1 Evaporation model in Lee and Lin’s LB model 

For the particle distribution function in the two-phase LB model proposed by Lee and 

Lin [42], the Eq. (2-2) is corrected as Eq. (2-59) by adding the evaporation term 
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where ev is an evaporation rate coefficient, fi
int(x,t) is the particle distribution function of the 

order parameter in interface region and fi
G(x,t) is the equilibrium particle distribution function 

in the gas phase given as fi
G(x,t)=ti L. Then, the collision terms of pre-streaming collision and 
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post-streaming collision steps can be expressed as follows.  

Pre-streaming collision step: 
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Post-streaming collision step: 

ttte

G
i

int
i

ev

ev

ttte

i
s

si

ev

ttte

eq
ii

ev
iiii

i

i

i

ff
t

t

c
kcuet

t

ff
t

ttteftttef

,

,
2

22

,

12

)(
)()(

212
2

12
1),(),(

x

x

x

u

xx

 

     (2-61) 

2.5.2 Evaporation model in the Inamuro’s LB model 

For the particle distribution function in the two-phase LB model proposed by Inamuro et 

al. [43], the Eq. (2-24) of particle distribution function for order parameter is replaced by Eq. 

(2-62) by adding the evaporation term. 
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where the equilibrium particle distribution function fi
G(x,t) is in the gas phase region given by 

Eq. (2-63) 

biGi
eq
Gi pFHtf ),(, x                (2-63) 

Js(x) in the Eq. (2-62) is the evaporation rate constant to give the local evaporation flux on the 

droplet surface at the position x. In the evaporation of a droplet on substrates, Js is evaluated 

from the theoretical prediction [5, 20]  

)2/()( xdxJ wevs                 (2-64) 
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where εev is the evaporation rate coefficient, dw is the wetting diameter,  = (π–2 c)/(2π–2 c). 

For contact angles of θc > π/2, Js(x) is a constant and is equal to the evaporation rate 

coefficient ev. 

2.5.3 Evaporation of a droplet in an ambient vapor 

The physical problem and computation domain of a droplet in ambient vapor are shown 

in Fig. 2-10. The computational domain is a two dimensional Cartesian coordinate system 

and is divided into 60 (Lx) 60 (Ly) lattices in x and y directions. A spherical liquid droplet of 

a radius R is placed in the center position of the computation domain. The computational 

conditions are shown in Table 2-1. Inamuro’s model is utilized in this calculation.  
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Fig. 2-10 Physical problem and computational domain of a droplet in ambient vapor 

 

Fig. 2-11 shows the evaporation process of a droplet with an evaporation coefficient of 

ev = 1.0 10-6. The size of the droplet decreases with increasing time steps and disappears 

after 7.8 105 steps. 

Fig. 2-12 shows the time variation of the square of the droplet radius, R2, for various 

evaporation rate coefficients. R2 decreases linearly with time until it reaches about 25. The 

evaporation of a single droplet in ambient gas has been studied both experimentally and 

theoretically, and a linear decrease in R2 with increasing time is known as the classical d2 law 
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[93], 

)( 0
2
0

2 ttkdd ev                 (2-65) 

where kev is a proportional constant, d0 is the initial droplet diameter, and d is the droplet 

diameter during evaporation. The present numerical result follows the d2 law during the 

evaporation until R2 reaches about 25. However, deviation from the d2 law is observed when 

R2 is smaller than 25. The reason for this deviation may be numerical diffusion when the ratio 

of the area of interface region to the area occupied by the liquid phase becomes high.  

 

t = 5.7 105

t = 7.8 105

t = 3.8 105

t = 1.9 105

 

Fig. 2-11 Evaporation process of a droplet in ambient vapor for εev=1.0 10-6. 
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Fig. 2-12 Time variation of the square of the droplet radius for an evaporating droplet in 

ambient vapor. Evaporation rate coefficients are set to 5.0 10-6, 1.0 10-6 and 5.0 10-7 

 

2.6 Solid particles transport model 

In this section, a solid particles transport model is proposed to describe colloid particles 

motion dispersed in a liquid droplet. The transport of particles inside the droplet is evaluated 

by solving a Newton equation for each colloid particle. The equation of m-th colloid particle 

motion during the evaporation of the liquid droplet is expressed as follows: 

visbgflp
mp

p FFFFFF
dt
ud

m ,            (2-66) 

where mpu ,  is the velocity of the m-th particle at the moment, mp is the mass of the colloid 

particles. pF  is an interaction force between two colloid particles, which is given as 

Np

nm
mnp rUF )( . Here U(rmn) is the potential energy of the interaction of each m-th particle 

with any other n-th particle in the system (Np is the total number of colloid particles within 

the droplet). The function form of U(rmn) is chosen as the part of the DLVO potential 

corresponding to the London-van der Waals potential energy [94] and is given as: 
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where A is the Hamaker constant of particles interacting in liquid, rp is the particle radius, and 

rmn is the distance between the m-th particle center and n-th particle center (Fig. 2-13a). The 

Hamaker constant A is given by 

2

2211 AAA                 (2-68) 

where A11 and A22 are the Hamaker constant of the particles and medium, respectively. 

The term lF  in the Eq. (2-66) is the interaction force of the m-th particle in the 

liquid-vapor interface. In the present study, the interaction force lF  is given as 

ncrF pl )1(2  in the liquid-vapor interface region (Fig. 2-13b). Here c = (  – G)/( L 

– G), n  is a vector normal to the liquid-gas interface, and γ is the free energy of the 

particle-solution interaction per unit area of the particle surface [95]. 

The term of fF  in Eq. (2-66) is the interaction force between the m-th particles and 

fluid flows. The equation is given as: 

||)(
8
3

,, mpfmpf
pp

df
pf uuuu

r
c

mF             (2-69) 

where p and f is the m-th particles density and liquid density, respectively, mpu ,  is the m-th 

particles velocity, fu  is fluid velocity, cd is a drag coefficient and is given as cd = 48/Rep. 

Rep is the particle Reynolds number expressed as 
f

mpfpf
p

uur ||
Re , , where f is the 

effective viscosity of fluid. 

The term of gF  and bF  in Eq. (2-66) are the particle gravity and buoyancy force in 

the system, respectively. The function of gF  and bF  is given as grF ppg 3
4  and 

grF fpb 3
4 , where g is acceleration of gravity. The term of visF in Eq. (2-66) is the Stokes 
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drag resistance force for a spherical particle in a viscous isotropic medium, 

mpfpvis urF ,6                  (2-70) 

When the particle reaches to the substrate surface, the particle velocity is given as zero.  
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Fig. 2-13 Solid particle transport model in an evaporating droplet on substrate. Force acting 

on the colloid particle in liquid droplet: (a) the liquid-vapor interface region and the colloid 

particle; (b) the interaction force for the particle in the liquid-vapor interface region. 

 

2.7 Conclusions 

In this chapter, a mathematical model for the simulation of an evaporating droplet with 

solid colloidal particle on substrate is introduced. The mathematical model is composed of a 

two-phase lattice Boltzmann model, wetting model, evaporation model and solid particle 

transport model.  

To simulate two-phase flows, the lattice Boltzmann simulation of Lee and Lin’s model 

or Inamuro’s model employs two particle distribution functions. One of the particle 

distribution function is used to calculate the order parameter which distinguishes the 

two-phase; another particle distribution function is used to calculate the momentum of the 
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two-phase flows. 

To describe the wettability of substrates, a wetting model is introduced. In the present 

study, two wetting models are utilized: an adhesive force model and a partial wetting 

boundary condition model. The spread of a droplet on the substrate are simulated for the LB 

models of Lee and Lin’s model and Inamuro’s model by using an adhesive force model and a 

partial wetting boundary condition model, respectively. The wettability of substrates can be 

evaluated sufficiently by using these two wetting models. 

An evaporation model is proposed to describe the evaporation of liquid phase on the 

droplet surface. The evaporation term is incorporated into LB model, which indicates the rate 

of mass loss in the interface region between liquid and vapor phase. The validity of the 

present evaporation model is confirmed by simulating the evaporation of a single droplet in 

ambient vapor. The result shows a linear decrease in the square of the droplet radius with 

time, which agrees well with the d2-law for an evaporating droplet. 

A solid particles transport model is proposed and is incorporated into the lattice 

Boltzmann simulation to describe the solid colloidal particles motion during droplet 

evaporation. The solid particle motion is evaluated by solving a Newton equation for each 

solid particle inside the droplet on substrate. This equation accounts for the solid particles 

transport due to the surrounding fluid flows, viscosity force, gravity and buoyancy force, the 

interaction force between the solid particle and the liquid-vapor interface and the interaction 

force due to the potential energy of each solid particle with any other solid particle. 
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Chapter 3  The Effect of the Computational Parameters on the 

Reduction of Spurious Velocities in LB Simulation of Two-phase 

Flows  

3.1 Introduction 

In two-phase lattice Boltzmann simulations, an intermolecular force term between liquid 

and gas phases is required to distinguish two phase and to track interfacial movement. 

However, it is well known that the intermolecular force cause nonphysical flows in the 

interfacial region to satisfy the balance of the interaction surface stresses, which are called 

spurious velocities or currents. In the past researches, much attention has been paid to the 

reduction or elimination of the spurious velocities by modifying discretization schemes or 

choosing suitable physical properties. Order parameter is one of the computational 

parameters used in a two-phase lattice Boltzmann simulation, which distinguish two phase. 

However, when an order parameter is employed, its range is arbitrarily chosen because the 

order parameter is not related to the physical properties throughout the characteristic scales of 

length, time, and mass. However, it is unclear how the range of the order parameter affects 

the spurious velocities. 

In this chapter, a two-phase lattice Boltzmann simulation is performed to investigate the 

effect of computational parameters on the spurious velocities in a droplet in ambient vapor. In 

the simulation, the dimensionless surface tension parameter is given while preserving the 

actual physical properties by adjusting the characteristic scale. The effect of order parameter, 

dimensionless surface tension parameter, and density ratio of the two-phase fluid on the 

magnitude of spurious velocities is examined. In addition, the time for reaching steady state is 

also investigated by changing the range of the order parameter.  
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3.2 Numerical simulation 

3.2.1 Computation domain 

The physical problem and the computational domain are shown in Fig. 3-1. The 

computational domain is a two-dimensional Cartesian coordinate system divided into 60 (Lx) 

× 60 (Ly) lattices in the x and y directions. A spherical liquid droplet with radius R is placed in 

the center position of the computational domain. 

vapor

droplet

O

R

y

x

Ly

Lx  
Fig. 3-1 Physical problem and computational domain. 

 

3.2.2 Two-phase lattice Boltzmann model 

A two-phase lattice Boltzmann model proposed by Inamuro et al. [43] is employed to 

simulate a single spherical liquid droplet in ambient vapor at nonequilibrium to equilibrium 

steady state. As introduced in Chapter 2, this two-phase lattice Boltzmann model employs 

two particle distribution functions; one is utilized to distinguish the two phase and the other is 

used to calculate the momentum of two phase flows. The details of the mathematical models 
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are presented in Chapter 2. A cyclic boundary condition is forced at the boundary of the 

computational domain. 

3.2.3 Computation condition 

A liquid droplet radius R* = 1.0 × 10−3 m is chosen. The densities of the two phases are 

set as *
L = 1000 kg m−3 and *

G = 1.29 kg m−3 (density ratio about 775.2), meanwhile their 

viscosities are *
L = 1.0 × 10−3 Pa s and *

G = 1.8 × 10−5 Pa s, respectively. The surface 

tension between liquid and vapor is *
LG = 7.2 × 10−2 N m−1. To relate the physical properties 

to the computational parameters, a length scale L0, a time scale T0, and a mass scale M0 are 

chosen, leading to the dimensionless computational parameters of the liquid density L, gas 

density G, liquid viscosity L, gas viscosity G, and surface tension LG. The dimensionless 

radius R and interface thickness D of the droplet are set to 10 and 3, respectively. Order 

parameters for the liquid phase L and gas phase G are varied. To decrease the shrinking of 

the droplet as it reaches a steady state, the maximum and minimum values of the order 

parameters are given. 

3.3 Results and discussion 

3.3.1 Effect of surface tension 

A single spherical liquid droplet in ambient vapor is simulated from nonequilibrium to 

equilibrium steady state condition. The droplet is considered to reach equilibrium steady state 

when the absolute time derivative of the droplet radius |dR/dt| is smaller than the tolerance  

= 0.001|dR/dt|max. Fig. 3-2 shows the time variation of the droplet radius. The radius 

decreases and then reaches a constant value with increasing time steps, indicating that the 

droplet reaches a steady state at t = 1.1×105 steps. 
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Fig. 3-2 Time variation of the radius for a single liquid droplet in ambient vapor. 

( L = 1000, G = 1.29, LG = 5.0 × 10−3, L = 2.635 × 10−2， L = 4.0 × 10−1, G = 1.0 × 10−1

 

Fig. 3-3 shows the density distribution and velocity fields at steady state for LG = 5.0 × 

10−3 and 5.0 × 10−11. In Fig. 3-3(a), the spurious velocities are observed near the interface and 

disappear gradually away from the interface. In contrast, the spurious velocities are negligibly 

small for small dimensionless surface tension parameter LG of 5.0 × 10−11 as shown in Fig. 

3-3(b). 
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(a)

(b)
 

Fig. 3-3 Distribution of velocities in a liquid droplet at steady state. 

(a) L = 1000, G = 1.29, LG = 5.0×10−3, L = 2.635×10−2, L = 4.0×10−1, G = 1.0×10−1. 

(b) L = 1000, G = 1.29, LG = 5.0×10−11, L = 2.635×10−6, L = 4.0×10−7, G = 1.0×10−7. 

 

Fig. 3-4 shows the variation of the maximum spurious velocities |us|max as a function of 

the dimensionless surface tension parameter LG at steady state. When the surface tension and 

viscosity are constant at *
LG = 7.2 × 10−2 N m−1, L  = 1.0 × 10−3 Pa s, and *

G = 1.8 × 10−5 

Pa s, the dimensionless LG varies from 5.0 × 10−3 to 5.0 × 10−11 by adjusting the 
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dimensionless liquid phase viscosity L from 2.635 × 10−2 to 2.635 × 10−6 with changing time 

scale T0 (solid circles). A linear decrease in |us|max is obtained from 1.16 × 10−6 to 1.21 × 10−14 

as the dimensionless surface tension parameter decreases, which corresponds to a decrease in 

|us|max from 4.402 × 10−4 m/s to 4.592 × 10−8 m/s. In an evaporating water droplet on a 

substrate, the vertical average velocity inside the droplet is around 10−8 m/s to 10−6 m/s [25]. 

Therefore, the reduction of the spurious velocities is sufficient by decreasing the 

dimensionless surface tension parameter. In contrast, when the dimensionless liquid phase 

viscosity is constant, L = 2.635 × 10−2, and the surface tension *
LG varies from 7.2 × 10−2 N 

m−1 to 7.2×10−6 N m−1 (open triangles), |us|max decreases from 1.17 × 10−6 to 1.17 × 10−10 

linearly, which corresponds to a decrease in |us|max from 4.42 × 10−4 m/s to 4.45 × 10−8 m/s. 

The decrease in |us|max is almost same as obtained for a constant surface tension *
LG of 7.2 × 

10−2 N m−1. 
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Fig. 3-4 Variation of |us|max as a function of LG. 

Solid circles: L = 1000, G = 1.29, *
LG = 7.2 × 10−2 N m−1. 

Open triangle: L = 1000, G = 1.29, L = 2.635 × 10−2, G = 4.743 × 10−4. 

 

Fig. 3-5 shows the variation of |us|max as a function of the dimensionless liquid phase 
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viscosity L at steady state. The dimensionless liquid viscosity varies from 2.635 × 10−2 to 

2.635 × 10−5 whereas the dimensionless surface tension remains constant at LG = 5.0 × 10−3. 

The maximum spurious velocities are almost constant for the present liquid phase viscosity.  
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Fig. 3-5 Variation of |us|max as a function of L. ( L = 1000, G = 1.29, LG = 5.0 × 10−3  

 

From the results shown in Figs. 3-4 and 3-5, the dimensionless surface tension 

parameter greatly affects the spurious velocities, whereas the effect of the viscosity is 

negligibly small. Lee and Fischer [58] reported that spurious velocities are caused by the 

slight imbalance between the pressure gradient and interfacial stress due to the truncation 

error in discretization. As for the pressure, Fig. 3-6 shows the pressure profile at y = yc ( yc = 

Ly/2) for dimensionless surface tension LG of 5.0 × 10−7 and 5.0 × 10−11. The pressure 

difference between the droplet inside and the bulk vapor phase p* is 70.4 Pa for both 

dimensionless surface tension parameters, which is almost consistent with the value of p* = 
*
LG/R* = 72 Pa from Laplace’s law. In addition, although slight overshoots are observed, the 

pressure profile provides the correct evaluation of the pressure gradient, which may not 

contribute to the occurrence of spurious velocities. 
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Fig. 3-6 Variation of pressure at y = yc as a function of position x. 

Solid circles: L = 1000, G = 1.29, LG = 5.0 × 10−7, *
LG = 7.2 × 10−2 N m−1. 

Open triangle: L = 1000, G = 1.29, LG = 5.0 × 10−9, *
LG = 7.2 × 10−2 N m−1. 

 

3.3.2 Effect of the order parameter 

In order to examine the effect of the order parameters on the spurious velocities, the 

variation of |us|max as a function of the order parameter difference between the liquid and 

vapor phase at steady state is shown in Fig. 3-7. The liquid-phase order parameters are set to 

4.0 × 10−3, 4.0 × 10−4, and 4.0 × 10−5, whereas the vapor-phase order parameters are set to 1.0 

× 10−3, 1.0 × 10−4, and 1.0 × 10−5, respectively. The order parameter shows little influence on 

the maximum spurious velocities. 
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Fig. 3-7 Magnitude of |us|max as a function of the liquid-droplet order parameters. 

( L = 1000, G = 1.29, LG = 5.0 × 10−7, L = 2.635 × 10−4)

 

Fig. 3-8 shows the time steps required to reach equilibrium steady state for the same 

conditions as shown in Fig. 3-7. The time steps for an equilibrium state decrease with the 

order parameter difference. This indicates that the computational time can be saved greatly by 

using a small order parameter to reach equilibrium even though physical properties such as 

density, viscosity, and surface tension remain constant. However, smaller order parameters 

lead to larger  and  in Eqs. (10) and (11) for a fixed surface tension parameter and interface 

thickness. This implies that the fluids are less compressible, which results in shorter time 

steps required to reach steady state [58]. 
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Fig. 3-8 Magnitude of teq as a function of the liquid-droplet order parameters. 

( L = 1000, G = 1.29, LG = 5.0 × 10−7, L = 2.635 × 10−4) 

 

3.3.3 Effect of density ratio 

Fig. 3-9 shows the variations of |us|max as a function of the density ratio L/ G at steady 

state. The dimensionless surface tension parameter is set to 5.0 × 10−7 for the three density 

ratios of 10, 100, and 775.2. Other dimensionless computational parameters and characteristic 

scales are the same with the values for LG = 5.0×10-7 and L = 2.635×10-4 as presented 

above. |us|max shows a minor increase with density ratio. This may be caused by the increase 

in the imbalance between the pressure gradient and interfacial stress due to the truncation 

error of the discretization. However, the variation of spurious velocities is small for different 

density ratios, compared with the past results [64]. This may be because the pressure 

calculation is sufficiently accurate in the present simulation. 
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Fig. 3-9 Variation of |us|max as a function of L/ G. 

LG = 5.0 × 10−7, L = 2.635 × 10−4

 

3.3 Conclusions 

A two-phase lattice Boltzmann simulation was performed to investigate the effect of 

computational parameters on the reduction of spurious velocities that appear in a droplet in 

ambient vapor. The major findings are summarized as follows. 

Maximum spurious velocities can be decreased up to approximately 10−14 by giving a 

small dimensionless surface tension. This spurious velocity corresponds to 10−8 m/s, and is 

sufficiently small to neglect the internal fluid flow caused by the spurious velocities in an 

evaporating droplet on a substrate. The decrease in the order parameter has little influence on 

the reduction of spurious velocities. However, the smaller the order parameter is given, the 

shorter the time to reach steady state is obtained. This may be because the smaller order 

parameter difference leads to less compressibility of the fluids for a given surface tension and 

interface thickness. The maximum spurious velocity increases slightly with the density ratio. 

Only the dimensionless surface tension parameter greatly influences the reduction of the 
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spurious velocities in two-phase fluids and the liquid-vapor interface. 
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Chapter 4  A Lattice Boltzmann Simulation of Contact Line 

Motion and Internal Fluid Flows in an Evaporating Droplet on 

Homogenous Substrates 

4.1  Introduction 

When a sessile droplet evaporates on hydrophobic substrates, the contact line recedes as 

the evaporation progresses, which is called as de-pinning. In contrast, when a sessile droplet 

evaporates on hydrophilic substrates, two types of contact line motion are observed during 

the evaporation: the wetting diameter remains constant whereas the contact angle decreases 

(pinning), and the wetting diameter decreases and the contact angle remains constant 

(de-pinning). The contact line motion affects the thin film shape after the evaporation of a 

droplet with solid constituents or solutes. For example, when the contact line of an 

evaporating droplet is pinned during the evaporation，ring-like deposit of solutes is obtained 

due to the outward flows toward the contact line. However, the effect of the droplet shape 

change on the contact line motion and internal fluid flows during evaporation has not been 

investigated.  

In this chapter, a lattice Boltzmann simulation of two-phase flow proposed by Inamuro et 

al. [43] is carried out to investigate the evaporation of a single droplet on homogeneous 

substrates. An evaporation model is proposed for simulating droplet evaporation. A partial 

wetting boundary condition is imposed to control the wettability of the substrate. The contact 

line motion of an evaporating droplet on homogenous substrates is discussed. In addition, fluid 

flows in the droplet during the evaporation of the droplet on hydrophilic substrates are 

discussed. 

4.2  Numerical Simulation 

4.2.1 Computational domain 
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The physical problem and computational domain of an evaporating droplet on a 

homogeneous substrate are shown in Fig. 4-1. The computational domain is a 

two-dimensional Cartesian coordinate system and is divided into 80 (Lx) 30 (Ly) lattices. A 

single droplet with an initial contact angle of c,0 = 90° is placed on a substrate with 

homogenous wettability (hydrophilic: c,g < 90°, hydrophobic: c,g > 90°). The initial shape of 

the droplet is hemisphere. The wetting diameter and the height of the droplet are denoted by 

dw and h.  
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Fig. 4-1 Physical problem and computational domain of a droplet on homogenous substrates. 

 

4.2.2 Two-phase lattice Boltzmann model 

A two-phase lattice Boltzmann model proposed by Inamuro et al. [43] is employed to 

simulate the evaporation of a droplet on homogenous substrates. As introduced in Chapter 2, 

this two-phase lattice Boltzmann model employs two particle distribution functions; one is 

utilized to distinguish the two phase and the other is used to calculate the momentum of two 

phase flows. An evaporation model proposed in Chapter 2 is applied to the evaluation of 

mass loss of liquid phase. A partial wetting boundary condition is incorporated into the lattice 

Boltzmann model to describe the wettability of the substrates. The details of the mathematical 

models are presented in Chapter 2.  

On the boundaries at x = 0, x = Lx, and y = Ly, non-slip boundary conditions are given, 
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and the normal derivatives of the order parameter, and the predicted and corrected velocities 

are set to zero. On the boundary at y = 0, the partial wetting boundary condition is imposed to 

control the wettability of the substrates. The predicted and corrected velocities are set to zero. 

4.3.2 Computation conditions 

The simulation parameters and physical properties are shown in Table 4-1. The 

maximum and minimum values of the order parameter are min=9.999 10-6 and 

max=4.5 10-5, respectively. In order to relate the physical properties to the simulation 

parameters, the length scale, time scale, and mass scale are given as L0=1.0 10-4 m, 

T0=2.635 10-9 s, and M0=1.0 10-12 kg, respectively. An evaporation rate coefficient ev is 

varied from 5.0 10-9 to 1.0 10-7. For example, an evaporation rate coefficient of 1.0 10-8 

results in an evaporation termination time (the period of time from the beginning of 

evaporation to the disappearance of the droplet) of 0.45s for droplet evaporation on a 

hydrophilic substrate; this time is shorter than experiments, about 700s [24]. This indicates 

that the time scale of spreading in the simulation is relatively large, accounting for 10.6% of 

the evaporation termination time because of the large evaporation rate coefficient. In the 

present simulation, therefore, the droplet shape reaches equilibrium at first, and evaporation 

begins subsequently.  

4.3 Results and Discussion 

4.3.1 Evaporation of a single droplet on a hydrophobic substrate 

Fig. 4-2 shows the evaporation process of a droplet on a hydrophobic substrate with a 

static contact angle of 120°. The evaporation rate coefficient is set to 1.0 10-8, and the 

evaporation begins at t = 1.0 107 steps. The contact line recedes until the droplet reaches an 

equilibrium shape, and the droplet retains its shape until evaporation begins. After 

evaporation begins, the droplet size decreases with increasing time, and the droplet finally 

disappears from the substrate after t = 7.6 105 steps. 

Fig. 4-3 shows the time variation of wetting diameter dw and contact angle c for the 
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droplet on the hydrophobic substrate with a static contact angle of 120°. The evaporation 

begins at t = 1.0 107 steps for evaporation rate coefficients of 5.0 10-9, 1.0 10-8 and 

1.0 10-7. Before the evaporation begins, dw decreases with time and then remains constant 

until t = 1.0 107 steps; the contact angle is almost equal to the given static contact angle of 

120°. After evaporation begins, the wetting diameter decreases almost linearly up to 7 and 

then decreases rapidly until the droplet disappears near the end of evaporation. This rapid 

decrease is caused by the order parameter on hydrophobic substrates being smaller than the 

liquid-phase order parameter, which leads to the mass loss inside the droplet near the 

substrate. The changes in the wetting diameter and the contact angle show no remarkable 

difference for the present evaporation rate coefficients. These results agree well with those of 

an experiment on the water droplet evaporation on hydrophobic substrates [24]. The 

evaporation termination time varies with the evaporation rate coefficient. This is a 

consequence of a large evaporation rate coefficient resulting in a large rate of mass loss. 

Table 4-1 Computational conditions 

 Simulation parameters Physical properties 

Liquid density (ρL) 1000 1000 kg m–3 

Gas density (ρG) 1.29 1.29 kg m–3 

Order parameter for liquid phase ( L) 4.0×10–5  

Order parameter for gas phase( G) 1.0×10–5  

Liquid viscosity ( L) 2.635×10–4 1.0×10–3 Pa s 

Gas viscosity ( G) 4.743×10–6 1.8×10–5 Pa s 

Surface tension (σLG) 5.0×10–7 7.2×10–2 N m–1 

Interface width (D) 3  

Initial wetting diameter (dw,0) 20 2.0×10–3 m 

Gravity acceleration (g) 6.80436×10–13 9.8 m s–2 
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Fig. 4-2 Evaporation process of a droplet on a hydrophobic substrate for θc,g = 120°. 
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Fig. 4-3  Time variation of dw and θc of an evaporating droplet on a hydrophobic substrate 

(θc,g = 120°). ev = 5.0 10-9, 1.0 10-8 and 1.0 10-7, respectively 
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4.3.2 Evaporation of a single droplet on a hydrophilic substrate 

Fig. 4-4 shows the evaporation process of a droplet on a hydrophilic substrate with a 

static contact angle of 60°. Fig. 4-5 shows the time variation of wetting diameter dw and 

contact angle c for the droplet. In Figs. 4-4 and 4-5, ev is set to 1.0 10-8, and evaporation 

begins at t = 1.0 107 steps after the droplet spread reaches equilibrium. The wetting diameter 

decreases linearly, while the contact angle remains constant and is almost consistent with the 

given static contact angle. The wetting diameter and contact angle decrease rapidly near the 

end of evaporation. These results indicate that the contact line recedes throughout the 

evaporation. However, Shanahan and Bourgès [16] (1994) reported that there are three stages 

during the evaporation of a droplet on hydrophilic substrates: a constant wetting diameter 

stage, constant contact angle stage, and mixed stage. The reason for the difference between 

t = 0

t = 1.0×107

t = 4.6×107

t = 8.2×107

t = 1.16×108

 

Fig. 4-4 Evaporation process of a droplet on a hydrophilic substrate for θc,g = 60° and ev = 

1.0 10-8. 
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the calculation and the experiments is that the partial wetting boundary condition assumes a 

constant wetting potential throughout the evaporation. However, Shanahan and Sefiane [96] 

reported that free energy changes during the evaporation. Hence, to take into account the 

change in the wetting potential, the contact angle in the wetting boundary condition is 

dynamically changed during evaporation. 

When the contact line of an evaporating droplet is pinned on a hydrophilic substrate with 

remaining a hemispherical shape, the overall evaporation rate dV/dt is evaluated as follows: 

dt
dR

dt
d

d
dV

dt
dV

2

2

sin
)cot1(2             (4-1) 

where R is the wetting radius. The change in the contact angle from time t to t + t is given 

by 
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Fig. 4-5 Time variation of dw and θc for an evaporating droplet on a hydrophilic substrate for 

θc,g = 60° and ev = 1.0 10-8. 
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where Vt is the change in the droplet volume, t is the time step, t is the contact angle at 

time t, and Rt is the wetting radius. Then, the contact angle at t+ t is given as t+ t = t – t. 

Fig. 4-6 shows the evaporation process of a droplet on a hydrophilic substrate when the 

contact angle in the partial wetting boundary condition is dynamically changed. The time 

variation of the wetting diameter and the contact angle are shown in Fig. 4-7. The contact 

angle used in the modified boundary condition varies from 60° to 30° and then remains 

constant at 30° as shown in the figure (dashed line). The evaporation begins at t = 1.0 107 

steps, and the evaporation rate coefficient is set to 1.0 10-8. In the calculated result obtained 

by using the modified boundary condition, there are three stages of contact line motion 

during the evaporation. In stage I, the wetting diameter remains constant while the contact 

t = 7.8×107

t = 1.10×108

t = 1.82×108

t = 1.00×107

t = 0

 

Fig. 4-6 Evaporation process of a droplet on a hydrophilic substrate for ev = 1.0 10-8. The 

partial wetting boundary condition is given for dynamical contact angle changing from 60°  

30°. 



61 

 

angle decreases; this is the pinning stage. In stage II, the wetting diameter decreases and the 

contact angle increases slightly; this accounts for the contact line motion being in the 

de-pinning stage. The wetting diameter and contact angle decrease rapidly near the end of 

evaporation in stage III. These three stages of the contact line motion during the droplet 

evaporation process agree well with those observed in the experiments of Shanahan and 

Bourgès [16]. 

Fig. 4-8 shows the effect of the evaporation rate on the time variations of the wetting 

diameter and the contact angle for the droplet on the hydrophilic substrate. Although the 

evaporation rate increases with ev, the contact line motion shows almost the same behavior 

under the present conditions. The evaporation termination time becomes shorter with 

increasing ev because the rate of mass loss increases. 

Fig. 4-9 shows the velocity distribution in an evaporating droplet for ev of 1.0 10-8 at 

the beginning of evaporation, in the middle of the pinning stage, at the end of the pinning 

stage and in the middle of the de-pinning stage. The solid line shows the interface between 
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Fig. 4-7 Time variation of dw and c for an evaporating droplet on a hydrophilic substrate for 

ev = 1.0 10-8. The partial wetting boundary condition is given for dynamical contact angle 

changing from 60° to 30°. 
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the liquid and ambient vapor phase. The velocity snapshots of the evaporating droplet at 

different times show that the internal fluid flows towards the contact line of the droplet 

during droplet evaporation.  

Deegan et al. [20] found that the pinning of the contact line of an evaporating droplet 

causes the radial fluid flows toward the contact line to compensate for the evaporated liquid. 

In addition, they measured the vertically averaged fluid velocity inside an evaporating droplet 

and showed an increase in the fluid velocities toward the contact line. Fig. 4-10 shows the 

vertically averaged velocity v(x,t) for ev =1.0 10-8 at the beginning, in the middle, and at the 

end of the contact line pinning stage. v(x,t) is calculated at position x and time t by the 

following equation: 
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Fig. 4-8 Time variation of dw and c for an evaporating droplet on a hydrophilic substrate for 

ev = 5.0 10-9, 1.0 10-8 and 1.0 10-7. The partial wetting boundary condition has a 

dynamical contact angle ranging from 60° to 30°. 
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Fig. 4-9 Velocity distribution in an evaporating droplet on a hydrophilic substrate at the 

beginning, in the middle, and at end of the contact line pinning stage and in the middle of the 

contact line de-pinning stage for ev = 1.0 10-8. The partial wetting boundary condition is 

given for dynamical contact angle changing from 60° to 30°. 
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where h(x,t) is the vertical distance from the substrate surface to the interface of the droplet 

and can be obtained by using the number of lattice points at position x and time t. v(x,t) 

increases linearly toward the contact line and reaches the maximum value near the interface 

region. The fluid velocity is zero at the contact line of the droplet because the contact line is 

pinned. v(x,t) is not equal to zero at the beginning of the pinning stage, and then the 

magnitude of v(x,t) decreases as the evaporation progresses. This indicates that spurious 
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velocities are formed in the interface region. The maximum value of v(x,t) is ranged from 

1.52 to 2.66 10-6 m/s. In the experiment of Deegan et al. [20], the vertically averaged 

velocity in a evaporating water droplet of the diameter of 1mm is approximately ranged from 

1 to 6 10-6 m/s. Therefore, the spurious velocity observed in the simulation is sufficiently 

small, however, further decrease is required by choosing smaller dimensionless surface 

tension parameter.  

Fig. 4-11 shows the distribution of the vertically averaged fluid velocity v(x,t) in the 

droplet during the contact line pinning stage for ev of 5.0 10-9, 1.0 10-8, and 1.0 10-7. v(x,t) 

increases linearly from the center towards the contact line for three ev values. Although the 

vertically averaged velocity in ev = 1.0 10-7 shows a little larger value than that in the other 

evaporation rate coefficients, the evaporation rate has less influence on the internal fluid 

flows of the evaporating droplet in the present simulation. In the present simulation, the 

evaporation term is given only to the particle distribution function for order parameters to 
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Fig. 4-10 Variation of the vertically averaged velocity in the x-direction in the droplet at the 

beginning in the middle, and at the end of the contact line pinning stage. The evaporation 

rate coefficient is set to 1.0 10-8. The partial wetting boundary condition is given for 

dynamical contact angle changing from 60° to 30°. 
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evaluate the mass loss of liquid phase. However, the movement of interface due to the 

evaporation may cause the momentum change in the interface, which is required to evaluate 

the internal fluid flows of an evaporating droplet. Therefore, some modification is required in 

the particle distribution function for momentum in the lattice Boltzmann equations.  

Kim et al. [25] derived a correlation equation between the vertically averaged velocity 

and overall evaporation flux over the droplet surface. In this correlation, the vertically 

average velocity increases with increasing the evaporation flux. Fig. 4-12 shows the time 

variation of overall evaporation flux Jt. The overall evaporation flux Jt is calculated from the 

weight loss (mt-1 – mt) per unit time per unit surface area At-1 of the droplet as follows [25]: 

1

1)(
t

tt

A
mmtJ                  (4-4) 

This result shows the decrease in the evaporation flux with time. In the simulation, local 
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Fig. 4-11 Variation of the vertically averaged velocity in the x-direction in the droplet 

midway through the contact line pining stage ( ev = 5.0 10-9, 1.0 10-8, and 1.0 10-7). The 

partial wetting boundary condition is given for dynamical contact angle ranging from 60° to 

30°. 
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evaporation flux on the droplet surface is given by the following equation. 

)2/()( xdxJ wevs                 (4-5) 

where εev is the evaporation rate coefficient, dw is the wetting diameter,  = (π–2 c)/(2π–2 c). 

This equation indicates a decrease in the local evaporation flux as the contact angle decreases 

during the pinning stage of the evaporation, as shown in Fig. 4-13. However, in the 

experiment of Kim et al. [25] and the theoretical prediction by Deegan et al. [5], both J(x) 

and v(x,t) increase with time as the evaporation progresses. The discrepancy between the 

present simulation and past researches may be caused by saturation vapor concentration cv on 

the interface. As the evaporation progress, the contact angle changes small in the pinning 

stage so that the height of the droplet will decrease. This will be favorable for the heat 

transfer inside the droplet, and results in the increase in the droplet surface temperature. 

Then, the saturation vapor concentration increases, leading to the increase in the evaporation 

flux. Therefore, further modification of the simulation is required by incorporating heat 

transfer in an evaporating droplet. 
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Fig.4-12 Time variation of Jt for dynamic contact angle changing from 60° to 30°. 
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Fig. 4-13 Variation of Js(x) at the position x of droplet surface for contact angle 60°, 45° and 

30°. 

 

4.4 Conclusions 

A two-dimensional lattice Boltzmann simulation of the evaporation of a single droplet 

on homogeneous substrates is performed. An evaporation model and a partial wetting 

boundary condition are used in the simulation to investigate the contact line motion and fluid 

flows in an evaporating droplet on wetting substrates. The major conclusions can be 

summarized as follows. 

During the evaporation of a droplet on hydrophilic substrates, the wetting diameter 

decreases while the contact angle remains almost constant throughout the evaporation when 

the original partial wetting boundary condition is imposed. This is because the original partial 

wetting boundary condition assumes the equilibrium shape of the droplet. In order to take 

into account the dynamical changes in the contact angle in the pinning stage of evaporation, 

the partial wetting boundary condition is modified by using the relationship between the 

change in the droplet volume and the contact angle when the contact line is pinned. Then, the 

result obtained with the modified partial wetting boundary condition shows the three stages 
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of evaporation, which agree with experimental observations. The effect of the evaporation 

rate on the contact line motion of an evaporating droplet is negligibly small under the present 

conditions. 

The vertically averaged fluid velocity in the x-direction increases towards the contact 

line of the droplet and takes the maximum value near the interface region of the droplet. 

However, the fluid velocity is not equal to zero at the beginning of the contact line pinning 

stage. This result may be associated with the spurious velocity formed in the interface region. 

In addition, the evaporation rate has less influence on the vertically averaged fluid velocity. 

From this result, the present evaporation model is required to modified by giving the 

evaporation terms into particle distribution function for momentum in lattice Boltzmann 

equations. Furthermore, heat transfer inside an evaporating droplet should be solved for the 

precious evaluation of evaporation rate.  
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Chapter 5  A Lattice Boltzmann Simulation for Contact Line 

Motion of Evaporating Droplet on Patterned Substrates 

5.1  Introduction 

Inkjet printing technology can coat functional materials only on specific area with small 

quantities of microdroplet. However, this technology has drawbacks in the formation of 

micropaterned thin film due to accuracy of droplet positioning and the size of droplets 

formed. The accuracy of droplet positioning is over 10 m, and the minimum size of droplet 

is around 10~20 m. These indicate that it is quite difficult to form patterned thin films with 

the size less than 10 m. To overcome these drawbacks, the utilization of patterned 

hydrophilic surface has been proposed [7]. In this case, inkjet droplets can deposit with 

microstructured less than 10 m on the patterned substrate, and then the thin film will be 

formed only on the hydrophilic area after drying the droplets. In this application, the contact 

line motion during the evaporation of droplets affects greatly on the shape of micropatterned 

thin film. 

In this chapter, a two-phase lattice Boltzmann simulation is performed to investigate the 

contact line motion of an evaporating droplet on a patterned substrate of line shape 

hydrophilic region. The effects of the width of hydrophilic region and the evaporation rate on 

the contact line motion are discussed. 

5.2  Numerical simulation 

5.2.1 Computational domain 

The physical problem and computational domain of a droplet on a patterned substrate 

are shown in Fig. 5-1. The computational domain is a two-dimensional Cartesian coordinate 

system and is divided into 400 (Lx) 150 (Ly) lattices. Patterned substrate has a hydrophilic 
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region with the width of Lw,phi in the center of the hydrophobic substrate. A droplet is initially 

placed on the center of the patterned substrate. The initial shape of the droplet is a spherical 

cap with the wetting diameter dw, the height at the center h and contact angle c on the 

substrate. 
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Fig. 5-1 Physical problem and computational domain of droplet on heterogeneous substrates. 

The blue region represents the hydrophilic region with width Lw,phi; pink region lying on the 

two side of blue region represents the hydrophobic region of the substrate. 

 

5.2.2 Two Phase lattice Boltzmann model 

A two-phase lattice Boltzmann model proposed by Lee and Lin [42] is employed to 

simulate the evaporation of a droplet on a patterned substrate. As introduced in Chapter 2, 

this two-phase LB model employs two particle distribution functions; one is utilized to 

distinguish the two phase and the other is used to calculate the momentum of two phase 

flows. An evaporation model proposed in Chapter 2 is applied to simulate the mass loss of 

liquid phase. An adhesive force is incorporated into the LB model to describe the wettability 

of the patterned substrates. Cyclic boundary conditions are given at x = −Lx/2 and Lx/2, and 

mass conserving boundary condition [89] is given at y = 0. The details of the mathematical 

models are presented in Chapter 2.  



71 

 

5.2.3 Computation conditions 

Simulation parameters and physical properties are shown in Table 5-1. In order to relate 

the physical properties to the simulation parameters, Ohnesorge number, Oh, and Bond 

number, Bo, are set to 1.18 10-2 and 1.36 10-3, respectively. The width of hydrophilic region 

of the patterned substrate Lw,phi is varied from 30 to 70. The static contact angles of 

hydrophilic and hydrophobic regions are 42.7 o and 121.8o, respectively. The evaporation rate 

coefficient is set to 1.0 10-4 and 2.0 10-4. 

 

Table 5-1 Computational conditions 

 Simulation parameters Physical properties  

Liquid density ( L)  1.0  1000 kg m−3  

Gas density ( G)  1.2 10−3  1.2 kg m−3  

Liquid/Gas viscosity ( L/ G)  55.6  55.6  

Surface tension ( LG)  2.09 10−3  7.2 10−2 N m-1  

Interface width (D)  12  -  

Initial wetting diameter (dw,0)  100  2.0 10−4 m  

Gravity acceleration (g)  1.14 10−9  9.8 m s-2  

 

5.3  Results and Discussion 

Fig. 5-2 shows the density distribution and fluid velocity in an evaporating droplet. 

Circulation flows inside the droplet are observed near the boundary between hydrophilic and 

hydrophobic region. The circulation flows are caused by the large jump of the adhesive force 

between the hydrophilic and hydrophobic regions, as shown in Fig. 5-3, because the opposite 

direction of the adhesive force acts on one node between the hydrophilic and hydrophobic 

regions. The opposite value of the adhesive force on the patterned substrate will affect the 

circulation flows between the hydrophilic and hydrophobic regions. This unphysical 

circulation flows lead to the density decrease inside the droplet near the substrate. 
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Fig. 5-2 Density and internal fluid flows of droplet with evaporation on patterned substrate. (t 

= 1.0 104 steps) 
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Fig. 5-3 Distribution of adhesive force on patterned substrate. 
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Fig. 5-4 Distribution of modified adhesive force on patterned substrate, (a) contact line is on 

hydrophobic region (b) contact line reaches on hydrophobic region. 

(a) 

(b) 
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hydrophilic hydrophobichydrophobic  

Fig. 5-5 Density and internal fluid flows of droplet with evaporation on patterned substrate. 

 

To solve this problem, the adhesive force on the patterned substrate is modified as 

follows. Fig. 5-4 shows the distribution of the modified adhesive force on the patterned 

substrate. When a contact line of the droplet is on the hydrophobic region (Fig. 5-4(a)), the 

adjusting parameter for adhesive force Gad is set to the value of the hydrophobic region. In 

contrast, when a contact line is on the hydrophilic region (Fig. 5-4(b)), the adjusting 

parameter for adhesive force is set to the value of the hydrophilic region. Fig. 5-5 shows the 

density distribution and fluid velocity by giving the modified adhesive force. The large 

circulation flow is not observed in this figure, leading to the no density decrease inside the 

droplet. Therefore, from now on, the modified adhesive force is applied to the modeling of 

the wettability of the patterned substrate. 

Fig. 5-6 shows the time variation of the droplet shape during evaporation on the 

patterned substrate with the evaporation rate coefficient ev of 1.0 10−4. The patterned 

substrate has a hydrophilic region with the width Lw,phi of 50 in hydrophobic substrate. During 

the evaporation process, the size of droplet decreases with increasing time steps. At the 

beginning of the evaporation, the contact line recedes towards the centre of droplet. When the 

contact line reaches to the hydrophilic region, the receding is stopped temporarily. The height 

of the droplet decreases and the contact line is pinned at the boundary between the 

hydrophilic and hydrophobic region. Finally, the contact line recedes again and the droplet 

disappears at the termination of evaporation.  

Fig. 5-7 shows the time variations of the wetting diameter and contact angle during the 
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evaporating process of the droplet on the patterned substrate. In this figure, three stages of 

contact line motion are observed. In the first stage (stage I), the wetting diameter decreases, 

whereas the contact angle remains constant. This indicates that the contact line motion of the 

droplet is in de-pinning. After, the contact line recedes close to the hydrophilic region, the 

contact lime motion of the droplet is in the second stage. This is because the magnitude of dw 

is about 51.6, this value is almost same with the width of the hydrophilic region Lw, phi of 50, 

which is observed in this figure. In the stage II, the wetting diameter keeps constant while the 

(e) t = 370000

hydrophilic

(d) t = 322000

hydrophilic

(c) t = 226000

hydrophilic

(b) t = 108000

hydrophilic

(a) t = 0
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Fig. 5-6 Time variations of the evaporating droplet on the patterned substrate. Evaporation 

rate coefficient ev = 1.0 10−4. 
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contact angle decreases, which can account for the contact line motion is in the pinning stage. 

Then, the wetting diameter decreases again when the contact angle reaches to around static 

contact angle (is equal to about 46o in this result), indicating the contact line motion is into 

the third stage. In the stage III, the contact angle shows a little increase and then decrease 

rapidly while the wetting diameter decrease near the termination of evaporation. This little 

increase and subsequent rapid decrease in the contact angle may be caused by an increase in 

the interface width due to computation error. 

Fig. 5-8 shows the time variation of wetting diameter and contact angle of an evaporating 

droplet with the evaporation rate coefficient ev of 1.0 10−4 and 2.0 10−4 on the patterned 

substrate. Three stages of contact lime motion can be observed for both evaporation rate 

coefficients. The change from stage I to stage II is because the contact line position reaches to 

the hydrophilic region. In the stage II, when the contact angle decreases to the static contact 

angle of the droplet on hydrophilic substrate, the contact line motion will change to stage III. 
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Fig. 5-7 Time variations of the wetting diameter and contact angle during the evaporating 

process of the droplet on the patterned substrate. Evaporation rate coefficient ev = 1.0 10−4. 
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The termination time of droplet evaporation for ev of 2.0 10−4 is shorter than that for ev of 

1.0 10−4. This is because the rate of mass loss increases when the evaporation rate coefficient 

increases. 

Fig. 5-9 shows the variation of wetting diameter and contact angle of an evaporating 

droplet with the evaporation rate coefficient ev of 1.0 10−4 on the patterned substrate. The 

width of the hydrophilic region of the patterned substrate Lw,phi is varied to 30, 50 and 70. 

Three stages of contact lime motion are observed for Lw,phi of 30, 50 and 70. The changes 

from stage I to stage II starts from the time when the wetting diameter decreases to the width 

of hydrophilic region. The reason is because the contact line reaches to the hydrophilic region 

and then the contact line motion is in the pinning stage. In stage II, the pinning time increases 

with the width of hydrophilic region. In addition, the termination time of droplet evaporation 

is different for Lw,phi of 30, 50 and 70 with same ev of 1.0 10−4. The termination time of 

droplet evaporation on a patterned substrate decreases with increasing the Lw,phi from 30 to 
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Fig. 5-8 Time variations of the wetting diameter and contact angle during the evaporating 

process of droplet on patterned substrate. Evaporation rate coefficient are set to ev = 

1.0 10−4 and ev = 2.0 10−4. 
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70. This may be caused by the surface area of the evaporating droplet in pinning stage is 

larger than that in de-pinning stage, if the volume of droplet has same value.  
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Fig. 5-9 Time variation of wetting diameter and contact angle of the evaporating droplet with 

evaporation rate coefficient ev of 1.0 10-4 on patterned substrate. The patterned substrate 

with width of hydrophilic region Lw,phi = 30, 50 and 70. 

5.4  Conclusions 

A two-phase lattice Boltzmann simulation is performed to investigate the evaporation of 

a single droplet on patterned substrates with different wettability. An evaporation model is 

applied to the simulation by modeling the mass loss in the interface region between droplet 

liquid and gas phase. To avoid unphysical circulation flows and density decrease inside the 

droplet near the substrate, a modified adhesive force is incorporated into the present LB 

model which can give wettability of the patterned substrate. Three stages of contact line 

motion of droplet can be observed for various evaporation rate coefficient and the width of 

hydrophilic region. In the initial stage of evaporation, the contact line motion shows 



79 

 

de-pinning because the contact line is placed on the hydrophobic region. When the contact 

line recedes and reaches to the hydrophilic region, the contact line is pinned. As the 

evaporation progresses, the contact line is de-pinned again when the contact angle decreases 

to the static contact angle of the hydrophilic region. The termination time of droplet 

evaporation increases when the evaporation rate coefficient decreases. In addition, the 

termination time of droplet evaporation decrease with increasing the width of hydrophilic 

region, because of the difference in the surface area of the droplet. 
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Chapter 6  A Lattice Boltzmann Simulation for Solid Particle 

Transport after a Droplet Evaporation on Homogenous Substrate 

6.1  Introduction 

Because inkjet printing can form micron-size droplet, it has been applied to electrical 

manufacturing such as organic thin film transistors [3]. However, solid particles inside 

evaporating droplets will be transported toward the perimeter of the droplets, and then the 

ring-like deposit will be formed. To investigate the nonuniform thin film formation, solid 

particles transport inside evaporating droplets has been focused in experimental and 

theoretical studies. It is well known that the ring-like deposit is caused by the internal fluid 

flows with solid particles transport to the contact line of evaporating droplet when contact 

line pinned [5]. However, it is unclear what conditions will affect on the solid particles 

transport inside droplet and the shape of thin film after droplet evaporation. 

In this chapter, a solid particles transport model proposed in Chapter 2 is incorporated 

into the two-phase lattice Boltzmann model [43] to simulate solid particles transport and 

deposit after droplet evaporation.  

6.2  Numerical simulation 

The physical problem and computational domain of a droplet with solid particles on 

homogenous substrates are shown in Fig. 6-1. The computational domain is a 

two-dimensional Cartesian coordinate system and is divided into 80 (Lx) 30 (Ly) lattices. A 

single droplet with solid particles is placed on a substrate with homogenous wettability 

(hydrophilic: c < 90° hydrophobic: c > 90°). A single droplet with an initial contact angle of 

c,0 of 90° is initially placed on a substrate with a given static contact angle c,g of 60°. The 

wetting diameter and the height from the droplet center are denoted by dw and h.  
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Fig. 6-1 Physical problem and computational domain of droplet with solid particles on 

homogenous substrates. 

 

A two-phase lattice Boltzmann model proposed by Inamuro et al. [43] is employed to 

simulate the evaporation of a droplet on homogenous substrates. As introduced in Chapter 2, 

this two-phase lattice Boltzmann model employs two particle distribution functions; one is 

utilized to distinguish the two phase and the other is used to calculate the momentum of two 

phase flows. An evaporation model proposed in Chapter 2 is applied to simulate the mass loss 

of liquid phase. A partial wetting boundary condition is incorporated into the lattice 

Boltzmann model to describe the wettability of the substrates. A solid particles transport 

model proposed in Chapter 2 is used to calculate the particle motion inside the evaporating 

droplet. The details of the mathematical models are presented in Chapter 2.  

On the boundaries at x = 0, x = Lx, and y = Ly, non-slip boundary condition is given, and 

the normal derivatives of the order parameter, and the predicted and corrected velocities are 

set to zero. On the boundary at y = 0, the partial wetting boundary condition is imposed, the 

predicted and corrected velocities are set to zero. 

The maximum and minimum values of the order parameter are min = 9.999 10–6 and 

max = 4.5 10–5. In order to relate the physical properties to the simulation parameters, the 

length scale, time scale, and mass scale are given as L0=1.0 10–4 m, T0=2.635 10–9 s, and 

M0=1.0 10–12 kg, respectively. Evaporation rate coefficient ev is set to 1.0 10–7. The number 
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of solid particles is set to 100. The computation conditions are shown in Table 6-1. The 

simulation parameters of solid particle transport are shown in Table 6-2. The Hamaker 

Table 6-1 Computation conditions of liquid droplet 

 Simulation parameters Physical properties 

Liquid density (ρL) 1000 1000 kg m–3 

Gas density (ρG) 1.29 1.29 kg m–3 

Liquid order parameter ( L) 4.0×10–5 - 

Gas order parameter ( G) 1.0×10–5 - 

Liquid viscosity ( L) 2.635×10–4 1.0×10–3 Pa s 

Gas viscosity ( G) 4.743×10–6 1.8×10–5 Pa s 

Surface tension (σLG) 5.0×10–7 7.2×10–2 N m–1 

Interface width (D) 3 - 

Initial wetting diameter (dw,0) 20 2.0×10–3 m 

Gravity acceleration (g) 6.80436×10–13 9.8 m s–2 

 

Table 6-2 Physical properties of solid particles 

 Simulation parameters Physical properties 

Density (ρp) 1050 1050 kg m–3 

Radius (rp) 0.005 5.0×10–7 m

Hamaker constant of particles ( ) 4.56864×10–17 6.58×10–20 J 

Hamaker constant of medium ( ) 2.56899×10–17 3.70×10–20 J 

Free energy of particle-solution 

interaction ( ) 
2.77729×10–8 4×10–3 Nm-1 
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constants and free energy of particle-solution interaction are referred as polystyrene particle 

in water medium [94, 95]. 

6.3  Results and Discussion 

6.3.1 Solid particles transport inside an evaporating droplet 

Fig. 6-2 shows the time variation of liquid-vapor interface and solid particles position. 

Colloid particles are randomly dispersed inside the liquid droplet as shown in Fig. 6-2(a). 

Before beginning of the evaporation at t = 9.8 × 106 steps, the droplet interface motion are 

only controlled by the wettability of substrate to reach equilibrium. Fig. 6-2(b) shows the 

interface of liquid-gas and the particle position at time of t = 9.8 × 106 steps. The droplet 

spreads on the substrate leading to the solid particles movement to downward from their 

initial position. The particles transport is affected by interface motion of liquid-vapor. After t 

= 9.8 × 106 steps, the evaporation starts, the particles are transported by the wettability of 

substrate. Fig. 6-2(c) shows the position of liquid-vapor interface and solid particles at t = 

1.86 × 107 steps. The solid particles are further transported to downward. 

In order to know how the solid particles are transported in an evaporating droplets, the 

trajectories of solid particles from the beginning to the termination of the evaporation (t = 9.8 

× 106 to 2.72 × 107) are shown in Fig. 6-3. In this figure, the solid particles are transported 

toward the vicinity of the substrate with increasing time. In the last stage of evaporation, the 

solid particles are remarkably transported to the centre of the droplet. This may be because 

the contact line motion is in the mixture of pinning and de-pinning stage. In this case, the 

contact line moves toward the center of droplet rapidly which will cause the solid particles 

transport to the center controlled by the force of interaction lF  (in Chapter 2). In the past 

research [5, 20], the solid particles are transported toward the contact line when the contact 

line of an evaporating droplet is pinned on substrates. However, in the present simulation, the 

solid particles move to center. In the present simulation, the evaporation termination time is 

approximately about 0.05s, which is quite smaller than the experiments. In this case, the 
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contribution of the interaction force caused by interface is larger than that of the internal fluid 

flows toward the contact line.  
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Fig. 6-2 Time variation of liquid-vapor interface (blue line) and solid particles position (solid 

circle). (a) The droplet is in initial state, at t = 0 steps; (b) the droplet without evaporation 

reached steady state at t = 9.8 × 106 steps; (c) the droplet is in the middle evaporation at t = 

1.86 × 107 steps.  
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Fig. 6-3 Trajectories of solid particles from beginning to the termination of evaporation (t = 0 

to 2.72 × 107) 
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6.3.2 Solid particles deposit after droplet evaporation 

The shape of solid particles deposit is evaluated by number distribution deposit on the 

substrate after droplet evaporation. Fig. 6-4 shows the distribution of number of solid 

particles deposit on the substrate at t = 2.74 × 107 steps (after droplet evaporation). The 

number of particles is larger in center of the droplet which indicates that the shape of particle 

deposit is dot-like structure after droplet evaporation. The result of solid particles deposit can 

be explained by solid particles transport to the center of the evaporating droplet as mentioned 

above. However, this result is inconsistent with the result in past researches which shows a 

ring-like deposit of solid particles. This may be because the contribution of the interaction 

force caused by interface between liquid and vapor phase is larger than that of the fluid flows 

under high evaporation rate condition. 
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Fig. 6-4 The distribution of the number of solid particles at x position on substrate for time t = 

2.74 × 107 steps. 

 

6.4  Conclusions 

A two-phase lattice Boltzmann simulation of solid particles deposit in a drying droplet 
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on substrates is performed. The evaporation behavior of a droplet on a substrate is simulated 

by using a two-phase lattice Boltzmann model incorporated with an evaporation model, a 

partial wetting boundary condition and a solid particles transport model proposed in Chapter 

2 to describe the solid particle motion inside an evaporating droplet. Major findings are 

summarized as follows. 

In the present simulation, the solid particles are transported downward and then toward 

centre of evaporating droplet on hydrophilic substrate. The shape of solid particles deposit 

shows the large numbers of particles in the center than that near the edge of the deposit. This 

result indicates that the shape of particles deposit is dot-like, which is inconsistent with past 

experiments. From this result, the interaction force caused by interface is required to modify, 

because the shape of particles deposit is seemed to be greatly affected. Furthermore, 

reduction of the evaporation rate is required to prevent the solid particles transport to the 

centre of an evaporating droplet on hydrophilic substrate.  
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Chapter 7  Conclusions 

The main contribution of the present dissertation is the development and application of 

numerical simulation to investigate the evaporation behavior and solid particles deposit of a 

sessile droplet on substrates. 

The first chapter presents the background of industrial applications of inkjet printing to 

thin film formation, and the objective of this study. Outline of the present dissertation is also 

introduced in this chapter. In additional, the evaporation behavior as well as internal fluid 

flows and thin film formation after drying of a sessile droplet on substrates in experiment, 

theoretical and numerical simulation is summarized in the literature review. 

The second chapter shows a mathematical model which is composed of a two-phase 

lattice Boltzmann model, a wetting model, an evaporation model and a solid particles 

transport model. To simulate two-phase flows, two-phase lattice Boltzmann simulation of 

Lee and Lin’s model [42] and Inamuro’s model [43] are introduced. Two kinds of wetting 

models are presented to describe the wettability of substrate. These wetting models given by 

a partial wetting boundary condition and an adhesive force model are incorporated into 

two-phase lattice Boltzmann models proposed by Inamuro et al. and Lee and Lin. The spread 

of a droplet on the substrate are simulated by using these two wetting models to confirm the 

validity of the wettability of substrates. To describe the evaporation of liquid phase on the 

droplet surface, an evaporation model is proposed. The evaporation term is incorporated into 

two-phase lattice Boltzmann model, which indicates the rate of mass loss in the interface 

region of liquid-vapor phase. The validity of the present evaporation model is confirmed by 

simulating the evaporation of a single droplet in ambient vapor. The result shows a good 

agreement with the d2-law for an evaporating droplet. In addition, a solid particles transport 

model is proposed and is incorporated into the lattice Boltzmann simulation to describe the 

solid colloidal particles motion in an evaporating droplet. The solid particles motion is 

evaluated by solving a Newton equation for each solid particle inside the droplet on substrate.  

The third chapter shows the effect of computational parameters on the reduction of 
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spurious velocities that appear in the simulation of a droplet in ambient vapor. The maximum 

spurious velocities can be reduced up to approximately 10−14 by giving a small dimensionless 

surface tension. This spurious velocity corresponds to 10−8 m/s, and is sufficiently small to 

neglect the internal fluid flow caused by the spurious velocities in an evaporating droplet on a 

substrate. In addition, the effects of order parameter and density ratio are also simulated. 

However, only the dimensionless surface tension parameter greatly influences the reduction 

of the spurious velocities in two-phase fluids and the liquid-vapor interface. 

The fourth chapter investigates the contact line motion and internal fluid flows of a 

single droplet evaporation on wetting substrates. A two-dimensional lattice Boltzmann model 

proposed by Inamuro et al. [43] is performed to simulate two-phase fluid flows. An 

evaporation model and a partial wetting boundary condition are incorporated into the lattice 

Boltzmann model. During the evaporation of a droplet on hydrophilic substrates, the wetting 

diameter decreases while the contact angle remains almost constant throughout the 

evaporation when the original partial wetting boundary condition is imposed. This is because 

the original partial wetting boundary condition assumes the equilibrium shape of the droplet. 

In order to take into account the dynamical changes in the contact angle in the pinning stage 

of evaporation, the partial wetting boundary condition is modified by using the relationship 

between the change in the droplet volume and the contact angle when the contact line is 

pinned. Then, the pinning, de-pinning and mixture of pinning and de-pinning stages of 

contact line motion are obtained with the modified partial wetting boundary condition, which 

agree with experimental observations. The vertically averaged fluid velocity in the x-direction 

increases towards the contact line of the droplet and takes the maximum value near the 

interface region of the droplet. In addition, the evaporation rate has less influence on the 

contact line motion and vertically averaged fluid velocity under the present conditions. From 

these result, the present evaporation model is required to modified by giving the evaporation 

terms into particle distribution function for momentum in lattice Boltzmann equations. 

Furthermore, heat transfer inside an evaporating droplet should be solved for the precious 

evaluation of the evaporation rate.  

The fifth chapter investigates the effects of the width of hydrophilic region in a patterned 

substrate and the evaporation rate on the contact line motion by applying Lee and Lin’s 
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two-phase lattice Boltzmann model [42] incorporated with an evaporation model and a 

wetting model given by adhesive force. A modified adhesive force is introduced to describe 

wettability of patterned substrates, which can avoid unphysical circulation flows and density 

decrease inside the droplet near the substrate. In the results, the de-pinning, pinning and 

de-pinning of contact line motion of an evaporating droplet on patterned substrates can be 

observed for various evaporation rate coefficient. The termination time increases with 

decreasing the evaporation rate coefficient. The pinning time becomes longer if the width of 

hydrophilic region increase. However, the termination time decreases with increasing width 

of hydrophilic region. This may be caused by the difference in the surface area of the droplet. 

In sixth chapter, a numerical simulation is performed to investigate a solid particles 

transport and deposit of an evaporating droplet on homogenous substrates. In the simulation 

results, the solid particles transport can be observed during droplet evaporation. However, the 

solid particles are transported toward the centre of the droplet and forms dot-like deposit after 

droplet evaporation on hydrophilic substrate. These results are inconsistent with experimental 

results. This may be because the contribution of the interaction force caused by interface 

between liquid and vapor phase is larger than that of the fluid flows under high evaporation 

rate condition. Therefore, further reduction of the evaporation rate is required to prevent the 

solid particles transport to the centre of an evaporating droplet on hydrophilic substrate.  

In future work, the mathematical model such as evaporation model, solid particles 

transport model will be modified. In the present study, the 2D simulation is performed, 

however, 3D simulation is required to investigate the evaporation behavior and solid particles 

deposit on patterned substrate with line-shape or dot shape. Furthermore, the heat transfer in 

an evaporating droplet will be incorporated into evaporation model, this is because the heat 

transfer will affect the evaporation flux on the droplet surface.  
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