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Abstract

When we consider pension fund management, asset only approach is traditionally used
for optimal asset allocation. Recently, optimal asset allocation based on surplus
framework is noteworthy. So, we investigate the feature of optimal asset allocation
under the consideration of both asset and liability in pension fund. There are two surplus
approaches such as ALM and LDI. We use mainly ALM approach which is often called
as a balance sheet type ALM. Because, we apply this idea for Japanese government
pension fund and the plan yield is given as 3.2 percent by Japanese government.
However, the mainstream of pension fund management in U.K., Holland, and Denmark,
etc. is LDI. The concept of LDI is also accepted and executed by the U.S.A..

So, we apply LDI’s idea into this analysis. Namely, we execute the simulations by
changing the volatility of liability and notice the difference of efficient frontier in both
surplus and asset only approaches. Thus, as we increase the surplus return, the asset
allocation of higher risk assets will increase and also increase the surplus risk

simultaneously.
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Introduction

The concept of surplus is utilized in pension fund management to grasp the future
movement of funding ratio: F, = A /L,. Surplus is presented by market value and
equals pension asset minus pension liability. In addition, the pension liability is
represented by ABO: Accumulated Benefit Obligation, or PBO: Projected Benefit
Obligation. The reason for us to use funding ratio in surplus approach, not pension
asset minus pension liability is that there is a possibility of negative surplus in
pension asset minus pension liability. And this is not convenient for the balance
sheet type ALM (=Asset Liability Management). Especially, pension ALM focuses
on the surplus. The purpose of it is to minimize the risk of decrease in surplus and
figure out the policy asset mix to maximize the return. Here, we check the asset
allocation of continuous time series model in surplus framework. By explaining the
asset pricing process, we show the optimal asset allocation in asset only approach in
multiple assets. Next, we introduce the asset allocation that the movement of
liability is based on the Brownian motion. Furthermore, we compare the difference
of optimal asset allocation between asset only approach and surplus approach under
the specified power utility function. In the past literature review, Sharpe and Tint
(1990) discuss the asset allocation in consideration of not only asset, but also
liability and propose the idea of ALM in the corporate pension funds. Tanaka and
Kitamura (2004) execute the survey of the methodology for pension fund risk
control by using the idea of ALM.

While, the concept of LDI (=Liability Driven Investment) is diffused in U.K.,
Holland, Denmark, etc. now. The concept is also accepted and executed by the
U.S.A.. Concerning LDI, Martellini (2006) discusses the difference between ALM
and LDI from the perspectives both of practitioners and Academics. Roman (2008)
introduces the examples of European countries that adopted LDI. Usuki (2007)
proposes the introduction of LDI in Japan by indicating the merits. However, the
infrastructure for introducing LDI has not yet completed in Japanese pension fund
system including accounting standard based on market value.

Basically, the ideas of both ALM and LDI seem to be almost the same. But, the
main difference between the two is the discount rate. Namely, LDI uses the rate of
long term bond and ALM uses the rate of fixed plan yield. Furthermore, LDI focuses
on the volatile risk of interest for pension liability from a short term perspective.
ALM focuses on the attainment of target return under the premises that the pension
plan continues for a long period of time. And if plan sponsor has a same duration’s

bond in asset side as compared with long term bond in liability side, it’s relatively



easy to match the fluctuation of asset and liability. This idea holds true to LDI, but it
does not hold true to ALM due to the fixed plan yield. In other words, LDI are much
more flexible than traditional ALM. Other differences between the two are that LDI
considers the use of derivatives such as option and swap, and LDI adopts the idea of
risk budgeting. On the other hand, The Japanese government pension fund case is
cited in this case. Because Japanese government pension fund uses asset only
approach, not surplus approach. The merit of asset only approach is to omit the
complicated calculations of liability side and concentrates on the asset side problem.
But, the demerit of asset only approach is that the weight of risk assets will become
large due to the ignorance of correlations between asset and liability. While, surplus
approach considers the correlations between asset and liability. Thus, this approach
selects the asset allocation to minimize the surplus risk by considering a given target
growth rate of surplus. As a result, generally speaking, investment weight of
domestic bonds which have high correlations with liability will increase in this
approach. We can also indicate the feature of ALM and LDI approaches from this

analysis.

2. Model

At first, we examine the asset allocation used the continuous time series model in

surplus framework. Price process of risk free bonds S° is written as dS; = rS/ dt

under the conditions that risk free interest r is constant. Generally, stochastic

process of risk assets S' is written as

ds; =S/| (r, + A4 )t + iaijolwj (1= L D) e

i=1

while, W' =[WW,...W_] means the n dimensional standard Brownian motion. And
the numbers of Brownian motions and assets are the same. A’ = [21/12...1”] is the risk

premium of risk assets. oy is the volatility of asset for Brownian motion j. C is

. e 0,,.0,
nxn matrix of volatility ; C=| ' ™" |.
Gnl...o-nn



For example, we introduce the asset allocation of multiple assets in asset only
approach. Pension fund holds pension asset ; A, . The price process of pension asset

is expressed as dA = A [(r + ¢T2,)dt + ¢TCdW] ............................................ ()

while, ¢' = [¢1¢2...¢n] means the asset allocation ratio of risk assets.

Suppose that the utility function is U (Ar) under the terminal date; t=T . We select

the optimal asset allocation ¢, to maximize the utility function. The value function

is v(t,A[)=m§x E[UGA )] e 3)

HJB (=Hamilton-Jacobi-Bellman) formula is written as

m;u{vt +A1p'V, +% Ag' D¢VAA} 0 4)

Here, D=CC". D is a covariance matrix among assets.

First order condition of optimal solution is AAV, + D@AN ., =0 ...ccooeevnniinnnnnn, (5)

and optimal asset allocation ¢, is ¢, = —D_lxlv—A ................................ (6)
AV,

We must specify the utility function to get an explicit asset allocation.
Suppose that the utility function of pension fund in terminal date is U = A7 /y .

We can conjecture V as V(t,T)= A" f(t)/y and calculate V, N pa

Thus, optimal asset allocation is obtained by ¢, =——D"'A........cooeeiinninnn.... (7)

Next, we introduce the pension liability and also deem that its movement is based on
the  Brownian motion. The market price of liability L, is

IR I e e Y (8)

4, and o are drift and volatility respectively and constant. W, is a standard
Brownian motion. In addition, suppose that pension asset has a correlation with

pension  liability. The price process of pension asset ; A s

dA = Al(r+@T At + @ CAW | )

where, n dimensional vector ¢' =[@¢,..4,| of each asset class ;.

Generally, pension fund selects the optimal asset allocation ¢° which maximize the

expected utility of funding ratio: F; = A, /L; under the terminal date t=T .



LT
terminal date. Likewise, the value function V(t,A,L) is
V(t,A[,Lt)szx EU (R )] (11)
HIB formula of the value function is

maxV, + {#"2+1lAV, +%¢T DN, + 1, LV, +%af LV, +¢'C,o ALV, =0 ..(12)
where, C, is the first row of matrix C. Suppose that the existence of optimal

solution ¢", first order conditionis AAV, + DgAV,, +C,o ALV, =0............ (13)
Thus, the optimal asset allocation ¢ in  Surplus approach is

b= YA D A4 CorL YA | e (14)
AV Va

Furthermore, suppose that utility function is U(FT)= F”/y, we can conjecture the

value function as V(t, AL[): ! A'L7(f(t)) , where f(t) is a function of
4

differentiable time t. The partial derivatives of value functions are
V, = AL (F{)) Ve =(r =D)AL (F()Y Va == A L7 (FR)Y ... (15)

The ratios of partial derivatives of value functions in the optimal asset allocation

become Va - ATLT(FQY A VAL:—W‘IL‘y“(f(t))y:_y%.__(m)

Vo (=DAZL(HQY 7-17 Ve ATL(FQ)

Thus, the optimal asset allocation ¢; is calculated by substituting equation (16) to

equation (14). Namely, ¢; = IL D™
-7

We can notice that there is a difference D™'yC o, /(1—y) of optimal asset allocation

in between asset only approach ¢, and surplus approach ¢ . This term is relied on



the correlation and risk in both asset and liability, not relied on the expected return
(plan yield ) of liability. And optimal asset allocation is not relied on the initial
funding ratio. We can show the instantaneous efficient frontier under the framework
of surplus. Strictly speaking, surplus means asset minus liability, but we take up the

funding ratio.
Stochastic process which pension asset A has is dA = ug' Adt+¢'CAdW, ........ (18)

Here, ¢ is n dimensional vector, g is n dimensional vector, C is nxn

dimensional volatility matrix, and W is n dimensional standard Brownian motion.
Likewise, stochastic process of liability L, is dL, =z Ldt+o LdW,"............ (19)

4, is an expected growth rate of liability and o, is a volatility of liability. W" is

a standard Brownian motion. The inverse of liability is writtenas G =1/L.

The process of G is given from Ito’s lemma as
oG oG 1 0°G oG

dG=| —+uy L—+—0o.L’ dt+o L—dW" ... 20
{at ST Lz} 7L 20

If we substitute 6G/ot=0,0G/0L=—1/L%,and 0°G/0L° =-2/L°, into equation

(20), the process of inverse of liability become d % = —% {(,ut -0} )dt +o dWt }.(21)

In addition, the process of funding ratio d(A/ L) is also given from equation (18)

and (21) as

A A T 2 T L
do=1 (" - 1 + 02— 47Co, )t +gCAW, — o AW ..o (22)

Here, C, is represented as first column C, =[o,,0,,..0,] of matrix C by using
Cholesky decomposition. In addition, D is decomposed asD=CC"

The instantaneous expected growth rate m(¢) under a certain asset allocation ¢ 1is
And instantaneous volatility V(¢) becomes v(¢) =¢'Dg+0. —20'C,o ... (24)

For example, asset allocation ¢ to minimize risk under a given return " is given

by solving the following optimal problem.

min V(¢)

¢



subjectto m(g)= " ¢'e=1

Let Lagrange multipliers be & and A , Lagrange function I() becomes
1($,0,4)=¢'Dg+07 —24"Coo, +20(¢" u— 1, + 07 —4'Co, )+ 24(gTe—1)......(25)

First order conditions of optimality are

%=2D¢—2CIUL +20u—26C,o, +27£=0 ,aa—lgzgéTu—u,_ +o, —¢'Co, —u =0,

a

—=¢ge-1=0.............. 26

PY) ¢ (26)

Thus, optimal asset allocation @ is
¢p=D"'C,o, —-D'uu+6c,D7'C,—AD'e...(27)

while, ¢' = GLCT D' -0u'D" + QO'LC]T D' —2e"D ™ (28)

We define L, =C/D'u : M,=u"D"'u

’ ’

Np=e'D'z X,=C/D'C, Y,=C/D'e Z,=e'D'e We also define

’ ’

a=20L,-My-0iNy B=0Y,-Ny, x=ol,-p+ol-0Y, =1,

77:O-LYD_1'

Here, we substitute equation (28) to equation (26). After that, we also substitute the

former definitions to the substituted equation (26). Finally, if we solve the

simultaneous equations a@+ A+ y—u =0, 60 —-061+n=0, Lagrange multipliers

5(7“”)+2ﬁ’7 and z:_ﬂ(l‘”);“” .......................... (29)
ao+ f ao+pf

If we substitute equation (29) to equation (27), we can get an optimal asset allocation

becomes 4 =-—

¢ under a certain expected return x . In addition, we can draw an efficient

frontier by changing 4.

3. Empirical Results
We consider Domestic Bond, Domestic Equity, Foreign Bond, Foreign Equity, and
Liability for analysis. We use NIKKO J-MIX Indices in both Domestic Bond and
Domestic Equity. We also use JP Morgan Government Bond Indices (GBI) for
Foreign Bond, and MSCI-KOKUSAI for Foreign Equity. These data are from

January 1988 to December 2007 on a monthly basis in Japanese Yen. Furthermore,



efficient frontiers in the following analyses are instantaneous, not continuous.
Suppose that we will predict the efficient frontier at the end of January 2008. Because,
we usually use historical data to predict the next period. More specifically, the
expected return in each asset in the past 20 years on a monthly basis will be used to

predict the expected return on January 2008.

Table 1. shows the return and risk in each asset.

Table 1. Return and Risk in Each Asset

Expected Return Covariance Matrix
Domestic Bonds 4.01% 0.0011341 -2.65464E-05  3.78998E-05 1.2817E-05
Domestic Equities 2.13% -2.655E-05 0.036862893 -7.253E-05 0.00086801
Foreign Bonds 6.91%  3.79E-05 -7.253E-05  0.007457894 0.00059929
Foreign Equities 9.52% 1.282E-05 0.000868008  0.000599289 0.02674232

Table 2. shows the plan yield, change of liability’s volatility with simulations, and
change of related parameters. Especially, plan yield, in other words, expected growth
rate of liability is determined as 3.2 percent by Japanese government. The basis of 3.2
percent is building block style. Table-2 also corresponds to ALM approach.

Table 2. Transition of Volatility and related Parameters (ALM)

Plan Yield* 3.20%

*Expected Growth Rate of Liability

Volatility of Liability 1.00% 3.00% 5.00%
Lo 1.19 1.19 1.19
Mb 2.34 234 2.34
Nb 47.73 47.73 47.73
Xb 1.00 1.00 1.00
Yo 29.69 29.69 29.69
Zp 1065.42 106542 1065.42
a 2.32 231 -2.34
B -47.43 46.84 46.25
X -0.02 0.00 0.03
d 1065.42 106542 1065.42
1 -0.70 0.11 0.48

Glancing at Table 3-(a), we can notice that the proportion of riskless asset such as
Domestic Bond will decrease with the increase of surplus return and risk. However,
the proportion of decrease will decrease with the increase of liability’s volatility.

While, the proportions of risk assets such as Foreign Bond and Foreign Equity will

increase with the increase of surplus return and risk. The only exception is



Domestic(=Japanese) Equity, because it is not attractive for its high risk and low
return tendency due to the collapse of bubble economy in 1990. Incidentally, the
aftermath of it continued for more than a decade. Even if we change the volatility of
liability, the same trend can be found out in Table 4-(a), and Table 5-(a). For reference,
asset only frameworks corresponding to surplus frameworks are listed as Table 3-(b).
We also list asset only frameworks in the following related Tables.

If we contrast the Figure 1-(a) and Figure 1-(b), we can find out that the efficient

portfolio between the two are different from. Because, we must consider the volatility
of liability in surplus approach. Thus, most riskless asset will become, not risk free
assets but bonds which have the same duration of pension liability in this case. We
can confirm this in Figure 2-(a), Figure 2-(b), Figure 3-(a), and Figure 3-(b),
In addition, we can also notice graphically that the percentage of Foreign Bond and
Foreign Equity will increase and Domestic Bond and Domestic Equity will decrease
with the increase of surplus risk from Figure 1-(c). Namely, Domestic Bond,
Domestic Equity, Foreign Bond, and Foreign Equity from left to right are illustrated
in Figure 1-(c). This holds true to Figure 2-(c) and 3-(c).

Tabhle 3. Aswt Allocstion inSphue Framewnek (AL ; 0= 1006 Take 3(8). Amet OrlyFramewnk , o=1 0%
Vplus Betarn =) A LE. DE. FB FE S weRide Rid: Betuan
0.0%% 00529 00030 10.55% 534% E.30% 7 5% 3.23% 411% 3.23%
0.2% 00433 00026 106.537% 4% -5.6% SE1% 292% 3.E3% 3.43%
0.4 00336 0mzz2 102.20%% 405% -2.202% A03% 2645, 3.50% 3.03%
0.8% 00240 00017 08.02% 340% 0.82% 2245 242%, 33N 3.84%
0.2% 00144 00013 03 24% 2Ta% 380% 0.46% 125 3.12% 404%
1.0% 0.0047 0009 59674 211% 6.50% 132% 2.16% 312% 424%
1.2% 00049 00004 55.49% 1.4% 9 4% 310 217 3% 444%
1.4% 00145 0.0000 8L31% 0.82% 12.98% 438% 125 3.10% 465%
1.6% 00242 0.0004 T 14% 0.18% 16.02% 6 6% 2.42% 3.18% 485%
1.8% 00538 0.0008 T106% -0.47% 19.06% 2408 265 3.31% S05%
2% 00485 00013 6E.T7E% -111% £2.10% 022% 202% 3.50% 525%
22% 00551 00017 6461% -176% 25.14% Loms 324 3.73% 5.4%
2.4% 00627 00021 60.43% -240% E.18% e 3.58%% 3.00% S66%
2.7% 00724 00026 56.26% -305% 31.82% 1576 304 4.29% 5.80%
13 00220 0.0030 5208% -3.60% I 1735% 431%; 4A0% 6.07%
3.1% 009146 0.0034 47 900 -434%, F3% 1013% 465, 494% 6.27%
33 0.1ms 00032 LT - 08% 4.35% L01% 500 SB% 6.47%
35% 01109 0.0043 55 -563% £L.30% LA 5.4, 565% 6.67%
3.7 01206 0.0047 3537 -6.27% H.5% HAT 585 6.02% 6.35%
39% 01302 0.0051 31.20% -6.92% B4 HIF 6.30% 6.40% T05%
41% 01598 00056 202 -7 E1% E03% 6.72% 6.79% 2%
4.3% 0185 0.00&0 LB -221% 35.55% DED T14%% T.18% 7%
4.5% 0153 0.0064 12.67% -BE5% E.0% 31 a0% T35 T.28% T.E%
47% 01687 00069 14,4994 -0.50% 6l 3% B[E% TOEM T.09% T.E%
4.0 01784 00073 10.31% -10.14% AT % B16% 400G B.39% 200%
51% 018280 0.0a7? 614 -10.79%, & .T1% H 040 £32% 8.80% 230%
53% 01977 00081 1.96% -11.48% T.75% BIN 0.25%, 021% 8.50%
5.5% 02073 0.0026 -221% -1208% T.M% 4500 0 AEY: 0 3% 2.70%
5% 02169 0.0090 -6.35% -1272% HER% 28 1010 10056 5.90%
S5% L2266 0.0094 -10.57% -1357% BETH HOM 10.53%5 10 4% 911%
6.1% 0232 0.009% 1474 -1401% 291% 4B 10.96% 1058% 931%
6.3% 02458 00103 -13.92% -1466% .95% Fa 11.3%% 1130 9.51%
6.5% 02555 00107 S50 -1530% E.00% BA1% 11.83% 1173 QT2%
6.7% 0.2651 0011t SR -1595% o2 6% 1% 12.26% 1215% 002%
6.9 02748 00116 3145 -16.59% o5 .07% 29T 12.69%% 1258% 10.12%
T.1% 02844 00120 563 -1724% ®.11% AT 13.12% 1300 10.52%
3% 02040 00124 A0 17 R 101.15% 3H53% 13.55% 13.43% 10.53%




Figure 1-(a). Surplus Efficient Frontier (ALM) ; 6=1.00%
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Figure 1-(b). Efficient Frontier of Asset Only ; 6=1.00%
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Figure 1-(¢c). Asset Allocation Ratio (ALM) ; 6=1.00%
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Table 4(a). Asset Allocation in Surphys Framework (ALM) , T = 300% Table 4 {b). Asset Only Framewordk ; o= 3.00%

Swrphis Betam 8 A DE. DE. FE. FE. Surplus Risk Risk Fetum
0w 00334 -00ola 11292 247% =48 580 1.58% 4 05% 3%
0.2 00254 -0oo1z 102.37%% 154 -6 .50 441% L2z 381% 342%
0.4 00174 -0.000% 10581% L2t -4 320 281% 087 3B 362%
0.8 0004 -0.0005 10228 0.50% -1 Sz 0550 34855 383
0.8 00014 -0.0002 R 0.37% 0.35% ufuk 0.34% 333 4%
1.4 -0.0066 0oz F5154% -0.15% 3.43% 1574 045k 3.3 4.19%
1.2% -0.0146 0005 FLAM -0.83%% B01% 307 0.75%% 3.18% 4.43%
1.4 -0.0zZ26 0.omog BR04% -l 3A0Y 4 580 110 317 463%
1.8 -0.0304 nmiz 344504 -172% 11.18% B0Ek L4 321% 4.83%
1.8% -0.0334 0ml& 3083 -225% 13.76% 755 1.81% 3.8 5m%e
2ma -0.0466 nmle 7738 -2TM 16.35% IO 2184 339 5.
2.2 -0.0544 0mz3 ks -330% 13.53% 1054% 254 3545 543%
2.4 -0.0827 nma7 METE -3Ea 21.51% 1204 281 372 5.83%
27 -0.0m7 0.3 BT -4.34 .10% 1353 328 355 583%
25 -0.0787 034 63180 -4.87 .68 1502 3.64% 4.18%% [Aic
3.1% -0.0857 0ms7 59.61% -538% B 16520 4.01% 4.41% 6009%
334 -0.0%47 041 5608 -552% 31.85% 1201% 4380 4 B 643%
3.5 -0.1027 044 52.500% 6445 .43 1951% 475 4 8554 663V
37 -0.1107 0o4s 48950 -B.56 01 21004 5124 524 6845
38 -0.1187 0ms1 453504 -748% W5 2250 549 553 7MY
4.1% 01267 0mss 41 84 -B01%% 42 18% ez 586 5845 M
4.3 -0.1347 0mse 38280 -B.53% 44 .76 2549 B.22% 6155 7445
4.5 -0.1427 0maz 34734 -206 47 34% HET 6350 6475 T
4.7 -0.137 005 31.18% -5.38% 43 53%% WA 6960 6805 T84
4.5 -0.1337 0mas 276204 -1011% 52.51% BETG 733 713 AR
51% 01668 0m7z 2407 -1063% 55.08% 3147 TIms 7465 3%
534 -0.1745 0m7E 20.51% -11.15% 57.88% il 207G TEN 3445
554 -0.1828 0m7e 1698 -11.88% A0.26% A8k a4 3.14%% B
57 -0.1503 0ma3 1341% -2 62.54% 3585 bR 34854 3845
58 -0.1535 036 FB -1273% 65.43%% A5 R L .82 A
6.1% -0.2068 0.mea 630 -13.25% a3.01% R 55 9174 [
6.3 -0.214% 03 274% -1377%% . 40445 9.92% 9515 24455
6.5 -0.2z28 0ma7 -0.81% -14.30% 73.18% 41 83 1028 936 A
6.7 -0.2308 00100 -4.360 -14.82% 5.6 43430 1065 1021%% 2855
65 -0.2338 00104 By -1534% Y 4482 1102 10574 10.05%%
71% -0.2468 0017 -11474 -1587% 0559 45420 11394 1082 10.25%%
3N -0.2548 001l -1503% -16.38% 3.51% 4731 11.76% 11274 10.45%%

Figure 2-(a). Surplus Efficient Frontier (ALM) ; 6=3.00%
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Figure 2-(b). Efficient Frontier of Asset Only ; 6=3.00%
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Figure 2-(c). Asset Allocation Ratio (ALM) ; 6=3.00%

12




Allocation Ratio
100%
80% [
60% |
40% |
20% |
0%
1.6% 0.5% 2.2% 4.0% 5.9% 1.7% 9.5% 11.4%
Surplus Risk
Table 5-(a). Asset Allocation inSurphs Framewoek (ALK , 0 = S500% Table 5 4b). Asset Only Framewordk ;o= 5.00%
Swrphis Retom 8 S DE. DE. FE. FE. Surplus Risk Risk Fetim
0. 00194 -0.0004 117.34% 0ot -12.18% 51T 1.74% 4.17% 3.15%
0.2 00133 -0.0001 114.58% 035 -10.17% -4 02 L&l 4.01%% 335
0.4 0007z 0ol 11132 -0.78% £.17% 287 1324 388 3.55%
0.8 ool 0.o04 102055 -L17% £.18% -173% Lawa 3720 375
0.3 -0.0050 007 106.29% -l -4.15% 0580 LM 361 3850
1ms -0o110 0.omog 103.52% -184 -2.15% 0574 1574 3.51% 4.14%
124 -00171 nmiz 100,785 -2 0.14% 1724 1w 344 4340
14 -00zz 0mls FE.00 -272% 1.88% 238% L4t 338 4.54%
18 -00293 0m17? I -311% 3.8 401% 202 3350 474
18 -00354 0mza 9247 -3.30% 581 518 222 3350 4541
204 -00415 023 39.71% Bkl 7830 630 2445 3.38% 514
2.2 -0.0475 0mzs A4 -4 28% 9,830 745 28T 341% 534
2.4 -00536 0mze 34189 -4 8TV 11.88%% BAN 291% 347 5540
27 -00537 0.3 31424 -505% 13.50% P74 318 3.5 574
25 -00658 0m33 TRAS -544% 15.890% 10E%a G424 3.66% 554
3.1 -0071% 036 T5EEG -583% 17.81% 1204 3ET 379 6.14%
33 -0.0730 0m3s 7312 -6 19.891% 13184 3945 385 6340
3.5 -0.0340 041 038 -BELY 21.92% 14334 4.20% 4 050 6540
3 -0.0%01 044 760 -7 .92 15480 4475 426 674
38 -00%62 00046 648305 -13E 25.993% laa2 4.74% 4 4455 654
4.1% -01023 0o4e 6207 -1 .93 17774 501% 4 g3 714
4.3 -0.1054 0msz 58.31% -B16E% 2.5 laeaa 528% 4 830 T34
4.5 -0.1145 0ms4 56.54%% -B.35% 31.95% D07 555 5 T
4.4 -0.1205 0ms? 53780 -3 33.95% 2121 583% 53 T
4.9 -0.1266 0.os0 51.01% -85 35.96% 36 611% 5.48%% T84
51 -01327 0maz 43254 -872% 3756 D5l 6380 571% 3.14%
534 -0.1338 005 454505 -1001% WA 24850 BAEY 5540 334
5.5 -0.144% 0ma7 42730 -10.50% 41 574 paki 6345 £.18%% 3540
54 -0.1510 070 39.98% -108w 43.598% a5 721% 64205 374
584 -0.1570 0m73 37205 -11Em 45 598% 2RO 749 6B B84
6.1% -0.1631 0m7s 344305 -118aY 47.599% =24 I 651 914
B30 01832 nm7e 3leT -lanse 0,005 3w 2034 7.18% 9.34%%
6.5 -0.1753 0ms1 289004 -1z244 52.00% 3153 333 T4 953
6. -0.1314 0ma3 26.14% -l2E3 .01% T2 BELY TEM 273
6.5 -0.1875 036 2338 -3z 55.01% BRI 3.89% 782 FE3M
71 -0.1935 0mae 2061% -136L% 53.02% e o 17 2.18%% 10.13%%
73 -0.1996 0021 17850 -14.00% A0.02% F1a S48 3440 10.33%

Figure 3-(a). Surplus Efficient Frontier (ALM) ; 6=5.00%
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Figure 3-(c). Asset Allocation Ratio (ALM) ; 6=5.00%
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Table-6. shows the Yield on TSE Bonds (10years) with longest remaining maturity,
change of liability’s volatility with simulations, and change of related parameters.
Especially, the Yield on TSE Bonds (10years); 1.44 % is derived from the data at the
end of January 2008. Table-6 also corresponds to LDI approach. If we compare
between the ALM and LDI, the main difference is in the expected growth rate of
Liability. The results of following LDI’s Tables are almost similar to the former
ALM’s ones. Likewise the Tables’ results, the following LDI’s Figures also show the
similarity. However, if we compare the surplus efficient frontiers in both ALM and
LDI, we notice that surplus returns in LDI are always higher than that of ALM under
a given volatility of liability. Because, the discount rate, in other words, expected
growth rate of liability in LDI is smaller than that of ALM. So, the pension liability of
LDI at the end of January 2008 will become larger than that of ALM. Thus, higher

surplus return is required in LDI to avoid the shortage of funding.

Table 6. Transition of Volatility and related Parameters (LDI)

Yields on TSE Bonds

(10vears) with longest remaining maturity

Volatility of Liability 1.00% 3.00% 5.00%
Lo 119 1.19 1.19
Mp 234 234 2.34
No 4773 47.73 47.73
Xp 1.00 1.00 1.00
Yo 2969 29.69 29.69
Zp 106542 106542 1065 .42
o 232 -2.31 -2.34
p -4743 46.84 -46.25
v 0.00 0.02 0.03
o 106542 1065.42 1065 .42
1 -0.70 -0.11 0.48
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Tahle 7-{z). Asset Allocation in Surphs Framevwrork (LD , @ = 100% Tahle 74b). dsset Only Framewod: , o= 1004
a A

DE DE FE FE Swighus Bisk Eisk Eetum
0.0 01360 00067 146 56%% 1080 #a2w | -29dn £355% 719 1.48%
0.2% 01264 -0.0063 14238% 10285  3l4aw 211w £14% 631 1.68%
0.4% 01167 -0.0052 13821% 24l ZRay 19384 573 6.41% 158%
0% 01071 -0.0054 1303 BTG 2SI 1780 533% 6.05% 200%
0% 00975 -0.0050 12985 BIXG 13 -lSEBM 4975 368 229%
1% 00878 -0.0046 125 68% 78R -193l% 1404w 4.54% 528% 249%
1.2% 0072 -0.0041 121 5% 0% -leZmM -l228% 418% 4345 270%
14% 00886 -0.007 11732% 635 -3 -l04E% 279% 461% 200%
1a onsee 0.00E3 11315 sS4 -l019v 0% 2442 4.2 210%
18% 00433 00029 1B 37 s10% 215% £31% 311% 4.00% 330%
20% 00 -0.0024 10479% 4455 411% S1%% 281% 373% 351%
22% 0000 -0.0020 10052% 381% 1% 3% 235% 35015 7%
2.4% 004 -0.0018 9 44% 318% 1.57% 157 234% 332% 391%
2% 07 -0.0011 WA 251% 0% 021% 221% 318 411%
294 ooo11 -0.0007 20w 1374 205 198 2134 210 4729
31% 0008S -0.0003 F391% 122 11.8% 3T 21%% 306 4.52%
3% 0182 00001 74% 0.358% 14.13% 555 231% 3.12% 4.72%
3.5% 00278 00006 75 56% 007 17.17% 7% 250% 3.22% 4.93%
3 0375 00010 71 38% 0.71% NAY% a12% 2% 37 513%
3% 00471 00014 §721% -136% BB 1090 304% 3.58% 3%
4.1% 00857 no01e ficd 200 26 2% 12884 2380 EY> 53304
473% 054 0oz AL 2634 25% 14 46 271% 4.10% 5%
4.5% D70 0007 SER 326% 0% 16 24% 4075 4405 S54%
4% 0856 o0z 030 394% WA 1802% 4455 4.7 £14%
4.9% 00953 0003 45325 -4.58% B A5 19300 4.84% 5.07% £35%
51% 01049 00040 421% -52%4 41.90% 21 58% 524% 342 6.55%
53 01148 00044 s 534 44 34 38, 5647 5794 6752
5.5% 012 00043 [IHG -B.52% 41.%% B1%% £05% &.16v £95%
3 01738 00053 BED 118 @ X% 6465 6.55% 716%
9% 01435 00057 2544% 181% 53 6% 1% £85% £.340% 7365
6.1% 01531 00062 2275 B4 .T% MAH 7.25% 7.5 7.36%
63% 01627 00065 17085 2105 Y RIW 771% 773% 7%
& % 01724 norm 1291% 974% 2T L 714% & 14 797%
6% 01820 000 874% 1039 65.80% WERG 8.56% 8.55% 817%
6.5 01917 0o 438% 11034 68 5% ALY B35 8965 837%
7.1% 02013 0o0Es 038% 1168 TL50% 0395 241% 9.37% 8.38%
7% 02109 00087 375% 1239 7494 4118% 9.84% 9% £78%

Figure 4-(a). Surplus Efficient Frontier (LDI) ; 6=1.00%
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Figure 4-(b). Efficient Frontier of Asset Only ; 6=1.00%
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Figure 4-(c). Asset Allocation Ratio (LDI) ; 6=1.00%
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Tahle 8-(3). Asset Aloration in Surphis Framework (LTI, @ = 3008 Tahle 84b). Asset Only Framewodk , o= 3004
a A

DE DE FE FE Surplus Risk Eisk Eetum
0.0 01025 0008 143 56% 698 Al -leaws 4.74% 6.0 1.49%
024 00545 00043 14001%% g4E  -BITWM -1730% 4375 6.18% 1.69%
0.4% 00865 Bililic 13 465 sS4 I -1SEO% 4004 5.86% 1589%
08 007Es 0003 L7290 S41% MOl -l431% 364%% 5.55% 210%
0% 0oms 00052 12935% 48%s  -2ldz -12E1% E S3% 230%
1% 00625 00028 125.79% 438 e -l13m% 2904 497 230%
1.2% 00544 -0.0025 122 24% g -l SELG 25%% 4655 270%
1.4% 00464 -0.0021 118 69% IFBe -13E7% I 2174 4.42% 200%
1% [iJic:rt -0.0018 11513% 279 -1l EETG 1305 417 310%
18% [iJicirt -0.0014 111 58% 2274 £31% 534% 144% 3.94% 330%
2.0% ooz -0.0011 108 02% 173% 5% 84 1065 3.74% 330%
2% 00144 -0.0007 104 47% 122% LT 23%% 074% 359 370
2.4% 00064 -0.00M 10091% 0% 076 DB 045% 3.40% 300%
2% 00018 0000 97 38 01w 1.82% 054% 034% 33 4.10%
255 00098 0000 FELY 033 4.41% 214% 0.358% 321% 4.70%
31% 0178 0007 W2 DEW £.59% 3G 088 31T 4.30%
3% 00256 0001 8.70% -1 9.57% 517 1274 3.18% 4.70%
3.5% 00738 00014 314% -192% 12.16% EE2% 15954 3.23% 400
3G 00417 00017 T 355% 2434 14 1% 812% 193% 335 511%
3% 00437 000z 76 04% 297 17.52% 981% 2324 3.45% 531%
4.1% 00577 0004 T248% 345 19.81% 1111% 268% 361% 531%
4% 00657 000z BRI -4.02% 8% 12605 305% 380 571%
4.5% 0737 0001 655 -4.54% 2.07% 1408% 342% 4.01% 381%
4% 0017 000Es 6l 52% 507 217.8% 15.55% 378% 429 £11%
4.5% 00897 0o BITG -5.55% AHY% 1708% 415% 4.50% £31%
51% 00977 00042 #71% 611% 0 18 58% 4352% 47 £31%
5% 01057 00043 sL18% -BE4% 340 i 489 5.06% £71%
5.5% 01137 00043 4750 1185 1.5% 257 526% 539 £91%
i 01217 00052 4035 168 40.57% L8 363% SE5% 711%
5% 0127 0005 4030% -B21% 43.15% 4 56% 399% 356 731%
6.1% 01377 0008 945 BT 45H% 03 6.36% 6275 751%
63% 01458 00063 Kokt -2.26% 48.7% 275% £73% 6.60% 771%
6.5% 01538 00067 BERG 2.78% 050 2045 710% 6.92% 791%
6% 01618 0oom 2285 1030 53.48% A 54% T4 7.25% 812%
6.5 01698 0007 DI 10834 H.07% Efic 784% 7.5 £30%
7.1% 01778 000 191%% 1135% 6% [EY 821% 7.92% 8.52%
13 01858 000l 1562% 1188 £l.H% Efirs £.55% B2 872%

Figure 5-(a). Surplus Efficient Frontier (LDI) ; 6=3.00%
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Figure 5-(b). Efficient Frontier of Asset Only ; 6=23.00%
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Figure 5-(c). Asset Allocation Ratio (LDI) ; 6=3.00%
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Tahle 9(a). Asset Allocation in Swphs Fravework (LDI) , @ = 5008 Table S-(b). Asset Only Framewodk | o= 5005
a A i

DE DE FE FE Splus Risk Risk Eetum
0w [EE 0007 14117% 333 -mAT% 1509 IET ST 1.43%
0z 008sE -0.0024 1341% 298 -274E%  -1391% 141% 574 1e3%
04 007 00021 135 65% 25W6  -548% -1278% ERT 5.51% 1829
06 00538 -0.001% L2 EE% 21 -BAS% -llEL% 291% 5.28% 202%
08 00475 -0.0016 13012% Lals 243 104G 26 S0 22%
10% 00414 -0.0013 12735% 141%  -loddv S35 2445 4.88% 242%
125 00353 -0.001L 124 59% 1024 174 B17% 222% 4655 262%
14% 003 0008 121 83% 06X -l543% 0% 2024 4.48% 282%
1% 002 0006 119.08% 024%  -l342% SEEG L84% 425 302%
18% 00171 -0.0008 11630 018 -ll42% 47 16w 4.11% 320%
200% 00110 0000 113.54% -0.54% 41% 3505 1574 395% 342%
22% 00o4e 0002 11077% 0925 4% 2445 130% 380 362%
24 001z 00005 108.01% -131% S40% 29 149 3E5% 382%
27% 073 0o 105 24% 1705 T a1 1524 54 4
2% 0133 00010 102 48% 2085 139 100 161% 345% 4.22%
31% 00194 00013 w724 2485 051% 215% L74% 341% 4.42%
£k 0255 00016 EEEN 28T 282% 330 Lo0% 337% 4.62%
3.5 0316 00018 4 15% -326% 453% 4445 2094 335% 4.82%
a7 0377 0oL a1 474 3634 £83 350 230 2334 s
K120 00438 000 B8 B 4035 B54% 6745 2534 335% s2%
41% 00498 00025 5900 4425 10,645 TEE 276 347 5.42%
473 0559 0o 3134 -481% 12.65% 903 301% 3.90% 562%
4.5% -0z 000l ARG -5.20% 14 65% 10.18% 326% 36 582
47 -nnesl noo# 7781% -5.5% 16.85% 11324 1.51% 2715 £
4% 002 o7 T4 4% -598% 18 8% 12474 ENe 354% 622%
51% 03 000 T20E% B3 A6 13624 4,04 5% £.42%
5% 0083 00042 524 676 & 14.78% 4304 4.15% 6.62%
5.5% 00924 00045 6655% 1145 4. 1591% 457 472% £.82%
s -apms 00047 3794 7534 % .8 1708% 424 4.51% 7m%
E- 01046 00030 6 2% 1925 BB 1821% 311% 470 72%
1% 1107 00053 8 26% -B31% 0.7 19334 338 491% T41%
6305 al1les 00055 3550 -B70% 2.7T% oA 50% S8 512 7E1%
65 a1z 0005 2% 2.0 M 2 65% 3935 5% 781%
67% 01z 0o0eL 49974 2484 W7 27w 621% 5.58% 201%
119 01380 00063 4721% 2EW BT 194 49 % 821%
71% 01411 00066 44.44% 10234 0.7 2509% 676 £0153% B41%
7% 01472 00068 41 5% 10:64% 42T 262, 7.04% £ 861%

Figure 6-(a). Surplus Efficient Frontier (LDI) ; 6=5.00%
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Figure 6-(b). Efficient Frontier of Asset Only ; 6=15.00%
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Figure 6-(c). Asset Allocation Ratio (LDI) ; 6=5.00%
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4. Conclusion
We have compared surplus approach with asset only approach in this analysis.
Then, we have noticed that if we consider liability with surplus approach, the shape
of efficient frontier would much more different from the asset only approach.
The reason is that most riskless asset would become, not risk free assets but bonds
in this case from the idea of duration matching. Therefore, the movement of efficient
frontier would occur. Finally, LDI’s framework would play an important role from
now on. Because, the movement of evaluating the pension liability with market
value are becoming stronger in Europe under the convergence of international

accounting standard.
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